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COSET DIAGRAMS FOR AN ACTION OF THE EXTENDED MODULAR 
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Department of Mathematics, Quaid-i-Azam University, Islamabad, Pakistan 


(Received 19 November 1987; after revision 20 November 1988) 


Higman has defined coset diagrams for the actions of PGL (2, Z) on the 
projective line over a finite field Fy, denoted by PL (Fg), where q is a prime 
power. Accondition for the existence of a certain fragment of a coset 
diagram in a coset diagram for an action of PGL (2, Z) on PL (F,) is known 
now: the condition is a polynomial Z [z]. There are special types of frag- 
ments of coset diagrams which occur quite frequently in certain coset 
diagrams, In this paper we have found conditions for their existence in coset 
diagrams representing these actions. 


1. INTRODUCTION 


If g is a power of a prime p then by PL (Fa) we shall mean the projective line 
over the Galois field Fa. That is, PL (Fa) = Fa U {00}. The group PGL (2, q) has its 
customary meaning, as the group of all transformations z > (az + b)/ (c z + d) where 
a, b,c, d arein Fa and ad—be $ 0, while the group PSL (2, q) is its subgroup consi- 
sting of all those where ad—bc is a non-zero square in Fy. Mushtaq‘ it has 
shown that corresponding to each @ in Fg there exists a coset diagram which represents 
an action of the modular group PSL (2, Z) = < x, y: x2 = y® = 1>or the extended 
modular group PGL (2, Z) = <x,y,t: x2 = y8 = 12 = (xt)? = (yt)? = 1> 0n 
PL (Fa). Consideration of these actions shows the importance of circuits contained 
in the coset diagrams representing these actions®. In this paper we have found values 
of @ and q, for the occurence of a certain circuit in the corresponding coset diagram. 


2. CosetT DiaGRAMS FoR PGL (2, Z) 


The coset diagrams considered in this paper are defined for PGL (2, Z) (see for 
details Conder! 2 and Mushtaq?’5). The three cycles of y are denoted by small triangles 
whose vertices are permuted counter-clockwise by v and any two vertices which are in- 
terchanged by x are joined by anedge. The action of t is given bya reflection ina 
vertical axis of symmetry. The fixed points of x and y are denoted by heavy dots. 
(Notice (yt)? = 1 is equivalent to tyt = y~1, which means that ¢ reverses the orien- 
tation of the triangles representing the three cycles of y (as reflection does); because of 
this, there is no need to make the diagram more complicated by introducing t-edges.) 
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The group PGL (2, g) hasa natural permutation representation on PL (Fa) and 
therefore any non-degenerate homomorphism « of PGL (2, Z) to PGL (2, q) gives rise 
to an action of PGL (2, Z) on PL (Fa). Two such homomorphisms « and 8 are called 
conjugate if 8 = ap for some inner automorphism Pp of PGL (2, q). We denote xa, yo 
and fa respectively by ¥,3,7. The actions corresponding to conjugate non-degenerate 
homomorphisms « and 8 (see Mushtaq® for definitions) will produce the same coset 
diagrams, except for the labelling of the vertices. (The vertices for one can always be 
re-labelled according to the action of P or p-1 in order to obtain the other). 


It has been shown by Mushtaq‘, that the conjugacy classes of non-degenerate 
homomorphisms of PGL (2, Z) into PGL (2, q) correspond in a one-to-one fashion 
with the conjugacy classes of non-trivial elements of PGL (2, q), under a correspond- 
ence which assigns to the homomorphism « the class containing the element x 9 


Since it has been proved by Mushtaq# that there is a one-to-one correspondence 
between the conjugacy classes of elements of order greater than 2in PGL (2, g) and 
the non-zero elements of Fa, such that the class corresponding to anelement @in Fa 
consists of all elements represented by matrices M with 9 = r2/A where r = trace (M) 
and A = det (M), it follows that we ean actually parameterize the non-degenerate 
homomorphisms of PGL (2, Z) into PGL (2, q), exccpt for a few uninteresting ones, 
by the elements of Fa. If « is any such homomorphism, and X, Y and T are in 
GL (2, q), which yield the elements ¥, }, 7 then letting @ = r2/A (where r = trace (XY), 
A = det (XY)), we associate the parameter @ with the homomorphism «. 


3. OCCURRENCE OF CiRCuUITS IN D (6, q) 


By a circuit (in a coset diagram for an action of FGL (2, Z) on PL (Fa)) we 
shall means a closed path of triangles and edges. Coset diagrams arising from non- 
degenerate actions of PGL (2, Z) on PL (Fa) may be thought of as being composed of 
fragments, these fragements themselves being composed of single circuits, or a number 
of circuits®. Let us denote by D (6, q) the diagram for a non-degenerate homomor- 
phism of PGL (2,Z) into PGL (2, Z) with parameter 6. In order to know Which 
class (es) a particular diagram comes from we need to consider this question: given a 
fragment, for which values of q and @ can that fragment be found in D (6,9)? The 
question has been answered by Mushtaq® for the fragments containing two or more 
intersecting circuits. In the following, we have considered the above question for 
single circuits. 

Note that if v is a vertex of a triangle on a circuit in D (0, g) then the circuit in- 
duces an element 2 of PGL (2, q) fixing v. The element § ~ 1 is conjugate either to 
z or to 941 or to an element of the form X*% xp‘ ... Fp%, k > | and = + 1. The 
bide ll is enique up to cyclic permutations of (e1, €2, ... ex), If g = RY’ for some 
k' > | then k’ divides k and the cycle consists of (€1, €2, ..., ckk’) taken k’-times. It 


means that for any such 2 there is greatest inte 4 Dj 
ger k’ such that gis a k’th f 
PGL (2, q). We say that zis a proper power if k’ > 1, : a al 
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Suppose D (6, q) contains circuits which have more than two fixed vertices of 
the elements conjugate to A where hk #1. Since the only element of PGL (2, g) with 
more than two fixed vertices is the identity element, 2 = 1. If h = ¥} the diagram 
will correspond to an action of A (2,3,k) = <x, y:x2 = y3 = (x y)#¥ = 1>0n 
PL (Fa). In the following theorems, we consider the coset diagrams which correspond 
to the actions of 


<x, yr x2 = y8 == xyy xya ... xy% = 1,k>1> on PL (Fa). Mushtaq! it 
has shown that in D (6, q), there do not exist circuits which contain fixed points 
of g = (h)* where h = (¥y-1)% (¥ 9-1)" ... (¥ 9-1)", kK > 1. We-call such circuits 
periodic. A circuit which is not of this type is called a non-periodic circuit. 


We are now going to consider the following question. Given a non-periodic cir- 
cuit, for what values of g, @ can this circuit be found in the corresponding diagram, 
representing an action of PGL (2, Z) on PL (Fa)? We have seen that z in PGL (2, q) is 
either a proper power orit isnot. The case where Zisa proper power has already 
been considered by Mushtaq®. In the following Theorem we therefore deal with the 
case where Z is not a proper power. For the meaning of homomorphic image of a 
circuit and how a non-periodic circuit can have a homomorphic image, we may refer 
to Mushtaq®. 


Theorem 3,1—Let C be a non-periodic circuit. Then there exists a polynomial /, 
with integer coefficients, such that if C occurs in D (6, q) then f (@) is a square in Fa, 
and if f(@) is a square in Fg then either C, or a homomorphic image of it, occurs in 
D ‘6, q). 


Proor: Let 2 =¥)%1 XD... XP%%, where «« = + 1 andi = 1,2,...,k, bean 
element of PGL (2, q) fixing a particular vertex v on the circuit C. The matrices 4, Y 
in GL (2, q), yielding the elements ¥, J, induce the matrix M = XY%4 XY% ... XY 
where «¢ = + 1 andi = 1, 2,..., k. 


Since #2 = 73 = 1, the matrices XY and Y can be taken as the matrices with 
det (X) = A, trace (X) = Oand det (Y) = 1, trace(Y) = — 1. Thus, as in a paper 
by Mushtaq® characteristic equations of X, XY and Y will be 


X24 Al=0 ee 4¥) 
(XY)2 — r (XY) + AI =0 bel | 
y2+Y+/=0 ...(3) 


where the trace of XY is r. Since det (X Y) = A, the determinant of M will 
be A*. Using equation (i),(2) and (3) the matrix M can be expressed as 
Aol AL X + ALY + As XY, where At is a polynomial in r and A. So the 
trace of will be the trace of MAo!l + Ai X +A2Y¥Y+A3s XY. That is, trace 
(M) = 2A0 — Az + Asr. So the characteristic equation of M will be 


M2 — (2d9 — Ao + Agr) M + AFI =0. (4) 
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The discriminant (2A9 + Az + As r)2 — 4 A* of the characteristic equation of Misa 
polynomial in r and A. It can be seen (by induction on k), that if we regard ras of 
degree 1, and A as of degree 2, then this polynomial is homogeneous of degree 2k. It 
follows that for a suitable A (6), the discriminant is h (@) A*. 


Now Z has a fixed vertex in D (6, q) if the characteristic equation of M has roots 
in Fa. This means that Z has a fixed vertex in PL (Fa), if the discriminant / (@) A¥ is 
a square in Fy. Since A is a square if and only if @ is, we let f(@) = h (6) if k is even 
and f (@) = h(@) 6 if k is odd and obtain the result in the above theorem. 


The preceding theorem has the following interesting corollary. 


Corollary 3.2—Let C_ be circuit such that it contains a vertex which is fixed by 
¥3-1x% 5. Then C,or a homomorphic image of it occurs in D (6, g) if and only if 
62 — 20 — 3 isa square in Fa. 


Proor : Consider the vertex v (on the circuit) fixed by ¥9-1% 9. Let 
gi = x y1% 5, then by the direct application of Theorem 3.1, the characteristic 
equation of the matrix M, corresponding to 2, will be 


M? — (— r2+ A)M+Al=0. me &4 


Substituting r? = 6A in the discriminant of (5) we get f (6) = 62 — 2 — 3. Thus the 


circuit C, or its homomorphic image, exists in D (6, q) if and only if f(@) isa square 
in Fg. 


Note that the circuit C, which contains a vertex v fixed by x) 1%}, will be as 
follows 


V 


[>= 


Fig~ if; 
Remarks 3.3: (i) The degree of the polynomial f (6) will be k or k + 1, where 
k is the number of triangles on the circuit C. 


(ii) According to Theorem 3.1, the circuit 


(Fig. 2) occurs in D (6, q) if and only 
if — 3 is a square in Fy. 


Fic. 2, 
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(iii) The circuit (Fig. 3) occurs in D (6, q) if and only if — @ is a square in Fo. 
This is an immediate consequence of Theorem 3.1 and the fact that discri- 
minant in (1) is equal to — 4A, r2 = A@ and 


fFae: Neel 


Fic. 3. 


(iv) The elements %, t generate a4-group. In characteristic 2, the only irre- 
ducible linear representation of the 4-group is the trivial representation and 
so in any projective representation there is a fixed vertex. This means x 
and f must have a common vertex. Thus a circuit (Fig. 4) falls on the ver- 
tical axis of symmetry of D (6, q) if and only if q is a power of 2. 





Fic. 4. 


(v) Ifq isa power of 3, then 7 has a unique fixed vertex because the number 
of vertices in PL (Fa) is 3* + 1; ¢ normalizes <»> and so; must also 
fix this vertex. Thus the circuit (Fig. 5) falls on the vertical axis of symme- 


tery of D (6, q). 


1 -4 
Fic. 5. 


Corollary 3.4—A circuit, containing a vertex fixed by X J, will exist in D (8, q) 
if and only if 6 (@ — 4) is a square in Fa. 


Proor : The proof is an easy consequence of Theorem 3.1. 


Note that the circuit which contains a fixed point of x 9 will be (see Fig. 6) 
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4. CIRCUITS WHEN THE DISCRIMINANT IS ZERO 


An obvious question which arises here is, what happens when the discriminant 
of eqn. (4) is equal to zero? Exactly what this means depends upon the circuit. 

Let C bea circuit such that a vertex in it is fixed by anelement 2 of PGL (2, q). 
The characteristic equation of matrix corresponding to Z will, of course, have equal 
eigen values if the discriminant of the characteristic equation is equal to zero. This 
means that 2 will have just one fixed vertex in D(6, q), but the exact type will depend 
upon the circuit concerned. 


For instance, assume that the homomorphic image of the circuit (Fig. 7) occurs 


Fig. 7. 


in the coset diagram D (6, q). Since D (6, q) admits the axis of symmetry, the image of 
the circuit under the permutation 1, will also occur. The vertices y and v f J on 


vty 


Fic, 8, 
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the circuits (Fig. 8) are both fixed by 2, wherez = ¥ 9% 9%). Soif the discrimi- 
nant of the characteristic equation of the matrix corresponding to Zis equal to zero 
then v = v; 3 1. This means that the circuit, which has asymmatry, lies on the 
vertical axis of symmetry Diagrammatically it means, (Fig. 9). 





Fic. 9. 


Consider another example in which the vertices v1 and ve on the circuit (Fig. 10) 
are fixed points of 2, where 2 = ¥9¥)*XI 1X1. Inthis case when the discrimi- 
nant of the characteristic equation of the matrix corresponding to gis zero we must, 


V2 V3 





get a homomorphic image of the circuit in which v1 and v2 are identified, say with 
y% =v, and so a homomorphic image of the circuit will be (Fig. 11) and it will be 
symmetrical about the vertical line of axis because (* 3)? = 1, thatis because v2 = Vo r. 


% 
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If the discriminant (@ — 4) A of the characteristic equation in Corollary 3.4 is 
equal to zero then 6 = 4 because A, being the determinant of the non-singular matrix 
X Y, cannot be zero. This implies that the characteristic equation will have equal roots 
and so there will be only one vertex, namely o°, in D (6, q) fixed by ie Since the action 
of t represent reflection about the vertical line of symmetry, the circuit (Fig. 12) will, 
in this case, lie on the vertical axis of symmetry. 


<i 
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In his Oxford seminars, G. Higman considered actions of A (2, 3, 7) 
= <x, yix? = y® = (xy)? = 1 > on the projective line over Fp (denoted 
by PL (Fp)) in the case when p is a,prime (congruent to +1 mod 7). From 
the coset diagrams representing the natural action of A (2, 3,7) on PL (F,) 
something of a pattern emerged: for each prime there were three diagrams, 
but just one of these three had an axis of symmetry passing through two 
vertices. It was easy to identify the permutation r, induced by the symmetry 
about this axis, as being odd or even according to the value of 
p = +1 (mod 4), and then correspondingly, the group < x, y, tf > was either 
PGL (2, p) or just PSL (2, p). In this paper we show that this pattern is not 
repeated for all values of p. 


Let A (2, 3, 7) denote the abstract group with presentation 
<x, y:x2 = 8 = (xy)? = 1>. It is well known that PSL (2, Z) has the presenta- 
tion < x, y: x2 = y8 = 1 >. Let p bea prime and Fp denote a finite field of order p. 
We use the notation GL (2, p), SL (2, p), PSL (2, p) and PGL (2, p) with its standard 
meaning. 

Let PL (Fp) denote the projective line over a finite field Fp, The points of 
PL (Fp) are the elements of Fp together with the additional point oo. It is well known 
that the extended modular group PGL (2, Z) has the presentation 


< X,Y, ti x2 = y3 = (2 = (xt)? = (yt)? = 1 > 
and the modular group PSL (2, Z) is of index 2in PGL (2, Z). The coset diagrams 
for the natural action of PGL (2, Z) on PL (Fp) are defined as follows. 

The three cycles of y are denoted by triangles whose vertices are permuted anti- 
clockwise by y. Any two vertices which are interchanged by x are joined by an edge. 
The fixed points of y are denoted by heavy dots and the action of ¢ is given by 
reflection in a vertical axis of symmetry. 

For instance, the following diagram depicts a transitive action of PGL (2, Z) 
on PL (Fi3), in which 


x acts as (0, 11) (1, 12) (2, 7) (3) (4, 8) (5, 10) (6, co) (9) 
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y acts as (0) (ee) (1, 9, 3) (2, 5, 6) (4, 10, 12) (7, 11, 8) and 
tacts as (0, co) (2, 7) (3, 9) (4, 10) (5, 8) (1) (12). 
We have labelled each vertex to give a fuller illustration (Fig. 1). 





Fic. 1. 


Notice that this diagram is symmetric : the permutation 

t = (0, 00) (2, 7) (3, 9) (4, 10) (5, 8) (1) (12) gives a reflection about a vertical axis. 
Also this permutation is the same as that induced by the transformation ¢ which is an 
element of PGL (2, 13) and it is easy to verify geometrically that the relations 
12 = (xt)? = (yt)? = 1 are satisfied. 


Indeed in any case, if (x, y) is a (2, 3, 7)—generating pair for PSL (2, p), then 
by the proof of Theorem 3 of Singerman5, there has to be an automorphism ¢ of 
PSL (2, p) such that xo = x71 and yo = y-1. In terms of the associated coset 
diagram, this means there must be an axis of symmetry, with o representable as a 
reflection about the axis. Hence ull our diagrams for the groups PSL (2, p) will be 
symmetric. It is important to note that, there are certain coset diagrams (e.g., the 
coset diagram for PGL (2, 25)) which admit more than one such symmetry. For 
details one can refer to Mushtaq*. Note that we can form the semi-direct product G 
of PSL (2, p) by the cyclic group <o> and in this group the relations o2 = (xc)2 


= (yc)? = | are satisfied. It is worthy of mention that in Conder! has used these 


coset diagrams to show that all but a small number of alternating groups An are 
homomorphic images of the triangle group A (2, 3, 7). 


Earlier the author? has obtained a parametrization of all homomorphisms « from 
the extended modular group into PGL (2, q) (where q isa prime-power), via non-zero 
elements of Fa. If neither of the generators x and y for the modular group lies in the 
kernel of «, so that their images xo and ya are of orders 2 and 3, respectively, then « 
is said to be a non-degenerate homomorphism. Two such homomorphisms F and 8 
are called conjugute if 8 = of for some inner automorphism P of PGL (2, q). In this 


case the actions corresponding to « and 8 will j 
produce the same coset d 
for the labelling of the vertices. ta 


Thus, it has been shown? that corresponding to each 
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@ in Fq there exists a coset diagram D (6, qg) which represents the conjugacy class of 
non-degenerate homomorphisms «. 


In the present case, since q is taken to be a prime p = + 1 (mod 7), according 
to Macbeath?, there are three distinct traces A1, A2, As of elements of the group 
SL (2, p) that yield elements of order 7 in PSL (2, p) and thus, corresponding to 
61 = Ai, 62 = Az and 63 = Aj, there are three conjugacy classes of non-degenerate 
homomorphisms from A (2, 3,7) into PGL (2,q). This means that there are three 
coset diagrams D (61, p), D (@2, p) and D (43, p) corresponding to the three conjugacy 
classes?. 


It is important to note that in this case, every element of PSL (2, p) that comes 
from an element of SZ (2,p) with trace A1, Az or A3 must have order 7. (Indeed 
except when the trace is +2, the trace of any element of SZ (2, p) determines its 
order). 


G. Higman, in his Oxford seminars, considered conjugacy classes of non-degenerate 
homomophisms from A (2, 3, 7) into PGL (2, p) where p = + 1 (mod 7). According 
to Macbeath?, for each such prime p there are three conjugacy classes. Higman 
considered coset diagrams corresponding to each of these conjugacy classes. From 
the coset diagrams he produced in the cases with p = 13, 29, 41, 43 and 7i, something 
of a pattern emerged : for each prime there were three diagrams, but just one of these 
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three had an axis of symmetry passing through two vertices. In other words, in one 
diagram the transformation ¢ fixed two points of the projective line over Fp, while in 
the other two diagrams ¢ fixed no points. It was easy to identify the permutation 
induced by t as being either odd or even, according to the value of p (mod 4), and 
then correspondingly, the group <x, y, > was either PGL (2, p) or just PSL (2, P). 
Unfortunately this pattern is not repeated for all longer values of p, as we shall see in 
the following example. 


Following the method of Mushtaq®, we have drawn three coset diagrams 
D (61, p), D (62, p), D (6s, p) for each value of p = 7, 13, 29, 41, 43, 71, 83, 97, 113, 
127, 139 and 167. We have seen that p = 167 is the first case in which the three 
coset diagrams, namely, D (21, 167), D (27, 167) and D (124, 167) are such that every 
vertex in them is fixed by {(xy) «}?7 and the three diagrams contain an axis of symmetry 
passing through two vertices. Since no non-trivial linear-fractional transformation 
fixes more than two vertices of PL (Fa), we have {(xy) «}? = 1. 


Sey 


cy 


« 
y 


f-:-f-+ 
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In other words, in the three diagrams, {(xy) «}? = 1 and the permutation ¢ 
fixes two points of PL (Fie). It is quite easy to see that in this case ft is an odd 
permutation on PL (F167) and as a consequence t € PGL (2, 167). PSL (2, 167). 


We note that the three equations @—21 = 0, g—27 = 0 and g—124 = 0, when 
multiplied together, yield the equation f (6) = g3 — 592 ++ 69 — 1 = 0. Notice that 
this is the same equation as discussed in Mushtaq?. 
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A uniform theory for a class of optimal control problems governed by linear 
plants with generalized constiaints on the control variable is developed. The 
results obtained by the method of functional analysis provide new insight. 
Some necessary and sufficient conditions are derived to obtain explicit expres- 
sion for the optimal control function. 


Krasovskii? applied methods of functional analysis to solve a class of control 
problems. Kranc and Sarachik® and Kreindler!® solved a class of optimization pro- 
blems with various types of constraints. Hermes and Lasalle® also considered time 
optimal control problem from functional analysis point of view for amplitude cons- 
traints. Chaudhuri and Mukherjee? also developed a uniform theory of time optimal 
control problems with generalized constraints, They? also discussed the global con- 
trollability. Porter!’ demonstrated as to how the function space approach could be 
utilised to obtain the optimum control for a wide class of minimum norm controls. 
Minamide and Nakamura!! generalised the minimum cost problem of Porter, Burns! 
also considered the minimum effort problem and minimum cost problem in the Banach 
space setting. 


The main purpose of this paper is to generalize the idea of Porter in locally 
convex linear topological space, so that the more generalized constraints on the con- 
trol variable can be treated. The explicit expression under the generalized constraints 
on the control variable is obtained. 


Now, let LZ be a locally convex linear topological space and L* be the conjugate 
space of all continuous linear functionals defined on L. 


Let M™ be the polar set of M C Lin L* (Yosida14, p. 136). Then the boundary 
of M* will be denoted by 5M” and is defined as follows : 


$M* ={fE L*: sup {| <4 f >|} = I. 
lEM 


Again let Es be the polar set of EC L*inZ C L** (Yosida*, p. 136). Then the 
boundary of Ex will be denoted by 5£x and is defined as follows : 
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SEx = {1E L; sup {| <4 f> |} = 1}. 
fEE 


Also Ex = Bes for a non-void set E € L*. 


Here, we shall define the optimal control problem as follows: Let ZL and L’ be 
locally convex linear topological spaces and 7, a continuous linear transformation 
from L into L’. For each & in the range of 7, we find an element / € Z that satisfies 


& = 7] 
while minimizing 


J(I) = sup{|<1f> 1} 
SEE 


where E is any subset of L*. 


To solve the above problem we shall consider Ex to be the polar set in L of 
any arbitrary bounded subset £ of L*. Furthermore we shall assume that 


(i) Ex is bounded, 


(ii) for every neighbourhood, say, U of zeroin LZ, T(U) contains some set that is of 
the second category in L’ and that satisfies the condition of Baire. 


Definition | (Reachable set)—The set of all points § € L’ such that & = 7/ for 
some / € Ex will be called the reachable set with respect to the linear transformation 
T, and will be denoted by C = T (Ex). Also, the boundary of C will be denoted by 
de. 


We characterize the reachable set of C as follows : 


Theorem 1—The reachable set C is bounded, convex body and circled with res- 
pect to the origin in L’. 


Proor : Since Ex is convex and Tis linear and since linear operators preserve 
convexity, then the reachable set C is convex. Also, since T is continuous linear trans- 
formation from L into L’ and so bounded sets map into bounded sets, then by the 
hypothesis (i) the reachable set C is bounded. Again, if A is any scalar with |A|< |, 
then for §& € C we shall show thatAX & € C. Now & = 71 for some 1€ Ex. Then 
AE = ATI = T (Al) € C for some Al € Ex because sup CAL eee 

sup {|<1,f >|} < 1. (Yosida!4, p. 136). See 
fEECL* 
Thus C is circled. Now we see that the polar set Ex of any arbitrary bounded subset 
E of L* isa neighbourhood of zero in the Original topology of Z and for that neigh- 
bourhood of zero Ex in L, T (Ex) contains some set that is of 


7 the second category in 
L' and that satisfies the condition of Baire [by the hypothesis (i aaa 


i)]. Therefore, from the 
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theorem on openness? (p 93), 7 is an open mapping onto L’. It follows that the open 
set is mapped into open set and hence C contains zero. Thus the reachable set C is a 
convex set with non-void interior and thus C is a convex body. 


Theorem 2—If & € 8 C, then the pre-image of &, say, /g belongs to the boundary 
of Ex which must satisfy 


sup {|<4,f>|}= 1. 
SEECL* 
Proor: Let € € SC and let each pre-image of — belong to the interior of Ex 
forwhich sup {|</,f>|}< | (Yosida!4, p. 136). But, by hypothesis (ii) we 


SEECL* 

can say that C = T (Ex) contains some set that is of the second category in L’ and 
that satisfies the condition of Baire for the neighbourhood Ex of zero in L. Therefore 
from theorem on openness? (p. 93) that T is an open mapping from £ onto L’ and so 
T maps open sets into open sets. Thus, it follows that the pre-image of & can not 
belong to the interior of Ex. Therefore, the pre-image of &, say, /e belongs to the 
boundary of Ex which must satisfy sup {|<:,f>|}=1. 
SEEGL* 
Now, if / © L maps into & € 8C then 


Pr ade fag fle eh pt oN 
JSCECL* 


Now the set of all pre-images of the vector § € L’ will be denoted by the set inverse 
notation T7~1 (—). We shall show that existence of a minimum element of T~! (&) in 
the next theorem. 


Theorem 3—Let & € 8c. Then T-1 (&) has a minimum element if and only if 
E€c. 


Proor: Let— € cM 8c. Then 7-1 (£) contains an element of Ex. Since §€ 4c, 
it follows from Theorem 2 that this element must re a ae es isa) Pp mal Sas 


Conversely, we suppose that /; is a minimum element of T~! (&). Because T is homo- 
geneous, it is clear that «/g isa minimum element of T 1(a&) for any scalar « > 0. 
Now, if « < 1 then « § € Cand so «& has a pre-image which satisfy 


sup {| < ale, f >|} < 1 (Yosida!4, p. 136). 
SEECL* 


Since « is arbitrary, it follows that sup {| </e,f > |} S 1 (Yosida!4, p. 136). Thus, 
Ig € 8Ex and & = Tig € C. 


Corollary 3.1—T~} (&) has a minimum element for each & € L’ if and only if C 
is closed. 
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Proor: If T-1(£) contains a minimum element for each —E € L’, then from 
Theorem 3 any = € 8C implies & € C. Therefore, 5 € CM 8C implies that C is 
closed. Conversely we suppose that C is closed and p is the Minkowski functional of 
C. If& #40 belongs to L’ then & € p(t) Cie, & = p(&) x wherex € C and so 
x = p(&)-1& € C. Also, x € 8C because C is closed. Therefore p (E)-1EE CNSIC. 
So, by Theorem 3, p (€)"1 & has a minimum pre-image which implies that & has a 
minimum pre-image. 


Corollary 3.2—If L is semi-reflexive, then the optimal control problem which 
has been described before can be solved for every continuous linear transformation T 
from L into L’ and for prescribed hypothesis (i) and (ii). 


Proor: From the criterion for semi-reflexiveness it is known that each bounded 
weakly closed set is weakly compact? (p. 190). So, we assume that Z is semi-reflexive. 
Then the polar set Ex of any arbitrary bounded subset E of L* in L is weakly com- 
pact. Because Ex is closed and by the hypothesis (i) Ex is bounded. Again since T 
remains continuous when both Z and L’ are equipped with their weak topologies, then 
the continuous image of weakly compact set is weakly compact. Consequently the rea- 
chable set C is weakly compact and it is weakly closed and therefore strongly closed. 
Then the set C is closed. Therefore we can prove that the optimal control problem is 
solvable from Corollary 3.1. 


Corollary 3.3-—Let S be a continuous linear transformation from a locally 
convex linear topological space Y into another locally convex linear topological space 
X. Then the optimal control problem has a solution provided S (Y) is closed when Y 
is Hausdorff and the adjoint S* of S is onto between X* and Y* i.e. for every 
& € L’ = Y* there is a pre-image Jz € L = X* of & under T = S* with 

Spe eh <a lgt i Si hee 1 
fEECL* 

Proor: Since S is a continuous linear transformation of ¥ into X, then the 
adjoint S* of Sis also a continuous linear transformation from ¥* into Y*. Again 
since S (Y) is closed when X is Hausdorff, it follows that S* is an open mapping from 
X* into ¥* (Kelley et al.?, p. 204, Theorem 21.6). Also from hypothesis S* is onto map- 
ping. Furthermore, S* is continuous when both X* and ¥* are equipped with their 
weak* topology. Now it is known that the polar set M™ of M C X where M is taken 
to be a convex balanced neighbourhood of zero in X, is weak* compact [application 
of Tychonov’s theorem, (Yosidal4, p. 137)}. Therefore, we can conclude from the 
continuity of S* that the reachable set S* (M7) is closed and hence from Corollar 
3.1 the optimal control problem is solvable for each § € L’ = y* which has a ane 

= © aad * s r 
We ee EL = X* with Rents |<ls,f>|}=1 under the transfor- 


Now, applying application of Tychonov’s theorem (Yosidal4 


i i i > pP- 137 a a j ah 
king Krein-Milman theorem on locally convex linear topologi x Behar 


cal space (Yosida!4, 
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p. 362) we can infer that the polar set E7 in L* of Ex C L has at least one extreme 
point. Therefore, for every 0 # / € L there exist at least one f € Ee C L* such that 


su all IY fm = land f)=|<f,l = 
Cee f>\} nd f)=|<f,1> | Rs PORE Se: 


Thus, such a vector f € i Cc L* is called an extremal of / € L. 
Again, for every 0 + f € L* if there exists at least one / € Ex C LZ such that 
{MO=\< Lf>|=— "sup (|<) f>|}and sup {| <f,0 >|} = 1. Then 
Le Ex SEECE* 
such a vector / € Ez is called an extremal of f € L*. 
Now weare to obtain the form of the optical control to the given optimal con- 


trol problem. 


Theorem 4—Let ¢ € L’ and let “Sra be the locally convex linear topological 
space with respect to the weak* topology of L*. Corresponding to an element 
T* PE at if there exists at least one non-zero extremal /g then T (J/g) € CM SC 


holds. Conversely, each & € C ( 5C can be written as T (/s) where Ig (i.e. it exists) 
is a non-zero extremal of T* ¢ for some ¢ € L"™. 


Proor : We suppose that ¢ € L’* and suppose that T* ¢ € L’, has a non- 
zero extremal /y € Ex C L. 


We put &4 = Tl¢. Clearly, & € C. Now, we are to show that §g € SC. Let any 
1 € C. Then » = TI for some / € Ex and consequently 


l<uge>l=1<Th,¢>|=|< 47% =| 
< sup {[<hT*o>l|}=1<4,7%¢ >| =| < Th.¢> | 
1€ Ex 


= |< &o>1 [° Ss = Tis]. 
It follows that the functional ¢ assumes its maximum value on C at the vector &y. 
Again, since ¢ is continuous linear functional, open sets map into open sets. 
Thus, we show that 2, can not belong to the interior of C. Therefore, Tly © C M 8C 
for some ¢ € L’* and for T* ¢ € Bess 


Conversely, let § € CM 4C, Then from Theorem 3 we see that the minimum 
pre-images of § exist and we shall show that each pre-image of £is an extremal /¢ of 
T* ¢ for some ¢ € L*. Now since & € 5C and C isa convex body, we may consi- 


der that ¢ € L’* such that 
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sup {| </1,T*¢> |} 
IGEx 


<|<1,T*¢> | [for some/ € 8 Ex] 
= | </71,¢ >| 
mb hi Gil ATS x= 4), 
Again since € € C,& = TL for some/ € Ex and so 
sup {}<T* o> | S| <a, 7s > forany Pec 


IG Ex 
=|<TL¢>l=|<&¢>1. 
These two inequalities show that 
ee ta ld el aE | ae A aD 
1€ Ex 


sup {| <47*¢>]|}=1,1is an extre- 
T*¢E€ECL* 


mal of T* g and so § = T/ = Tis for some ¢ € L’* and for T*4 € Lee 


Again, since / € Ex and obviously 


Corollary 4.1—IfE € CM SC, then = = T (ls) for some ¢ € L’* and for 
some 7* ¢ € ae if and only if ¢ defines a supporting hyperplane to C at &. 


ProoF : If € C3 Cand= = T (ly) for some ¢ € L’*, and bi da haber 
then foreach] € Ex 
I< 7 ¢>|=|<1,T*¢>]} 


“sup. [ob <a Teh Sh} 
16 Ey 


whole T=] 

=< Tigo > | 

em Sy Geers 
Consequently, we have the supporting hyperplane 


ili<a3s(=Teiiest= [Cee Sie Owe 


Again, if ¢ © L’* defines a supportin 


g hyperplane at £, then proof is obvi 
converse part of Theorem 4. p ious from the 


Corollary 4.2—I¢ £ E CM) 8Cand ¢ defines 
€, then T* ¢ attains its supremum at /y € E,. 
mum at /s € Ex for some @€ L'* 
for which &, = TI¢. 


a supporting hyperplane to C at 
Conversely, if T* ¢ attains its supre- 
» then 7-1 (&) will contain a minimum element 
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Proor : We suppose that ¢ supports C at &. Then from Corollary 4.1 and again 
from Theorem 4, T* ¢ has at least one non-zero extremal /y for ¢ € L'*. This shows 
that 7* ¢ attains its supremum at /g € Ex. Conversely, if T* ¢ attains its supremum 
atly € Ex for some ¢ € L’*, then by Theorem 4, T(/3) € C 1 8C. Hence by 
Theorem 3, T~1 (Eg) has a minimum element / for which &s = Tg. 


Thus, we can conclude that if Z is semi-reflexive or the conditions of Corollary 
3.3, then the Corollary 3.1 holds and combining Corollary 3.1, Corollary 4.2, and 
Theorem 4, we see that 7-1 (€) has minimum elements for every § € L’ and each 
minimum element must have the form J/g = p (&) /g for some outward normal ¢ to C 


at p (&)71 & and some extremal /y of T* ¢ € oe 
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In this paper a ring shaped region containing all the zeros of the polynomial 
P(z) = an 2" + an_; 2") + ---+ a; z + ao has been obtained, Our results 
improve upon a result proved by Deutsch [Am. Math. Monthly 88 (1981)], 
No. 3, and some well known classical results due to Cauchy. 
1, INTRODUCTION AND STATEMENT OF RESULTS 
Consider the polynomial 
f(z) = 2 + any 27-14 ... + a12+ a ye (ial) 
where do, 44, ..., @n_1 are complex numbers. 


For every zero z of f (z) we have 


[2] <max{jao],1+]a[,...,1 + | ana |} ---(1.2) 
|z| < max {1, |ao| + |ai| +... + | an4a]} a. {1,3) 
lzl<r .. (1.4) 


where r is the unique positive zero of 
g (z)= 2 = | an) | 29-1 — 2 — |] ay fe — | ao |. 4G et 


The above classical results are basically due to Cauchy (see Marden®, pp. 96-97, 
Parodi’, p. 126) Deutsch! obtained new upper bounds for the absolute values of the 


zeros of f(z), which generalize those given by (1.2), (1.3) and (1.4) by proving the 
following : 


Theorem A—Every zero of the complex polynomial 


f(z) = 2® + any 2m-1 4 | + arz+aq 
satisfies 


12) < max (re, 1+ | ata [1 labs [ce Been 


where k € {0, l,...,.2—1} and re is the unique positive zero of 
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gk (z) = z**1 — | ax | z* — | ae_y | z*2-— ... —|a|z—laol. 
Theorem B—Every zero of the complex polynomial 
f(z) = 2 + an_31 2®-14 ... +a, z+ a9 
satisfies 
|z|<max{l,|ao| + ]ar| +... + ]ae|,1 + | aes], ..., 
1 + | an_1 | } 
where 
k € {0, 1, ...,n — I}. 


In the present paper we shall improve upon Theorems A and B by obtaining a 
ring shaped region containing all the zeros of the polynomial. In fact we prove 


Theorem 1—Let f (z) = z™ + an_42"-1 4+ ... + a, z+ ag be a polynomial 
complex coefficients then / (z) has all its zeros in the ring-shaped region given by 


Ro<|z| <1. 
Here 

Ry = max {rz, 1 + | atyr!, 1 + | atao) ..., 1 + | an-r |} .. (1.6) 
where k € {0, 1, ..., 2 — !} and re is the unique positive zero of 


gk (z) = zetl — | az | z* — | ae | 2*1- ... —[ar|z—|4o| 


and 
Re = ype (RPI B | Of — Ril ao |) + (REEL? — Bi 
| ao |)? + 4] ao | Ri Mi} ?] AG) 
where 
m1 ni 
My = RE (2+ > Jarl + 7 >, |e! ) 
k=1 k= 
b=|a,|Ri — |40|- ol Ly 
Theorem 2—Let f(z) = z® + an-1 2") + ... + 412 + 4 be a_ polynomial 


with complex coefficients, then f (z) has all its zeros in the ring shaped region given by 
Ra <|z| Rs. 


Here 
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Rs = max {1, | ao | + | a1 1+...4+ | ae], 
1 =] ab bycn, bt {esis bell 9) 
where k € {0, 1, ...,.” — l} and 


Ra = 1s [-RE|b| (Me — Rel ool) + {RE 1b 12 (Me — Re 


2M: 
| ao |)? + 4] ao | RZ M3}1"2] ere Be) 
and 
n-1 nt 
Mz = Rel (2+ > | a | + * > |!) ALAN) 
k=] k=0 
b=|a|R3— |ao|. 


Remark \: It is easy to see that fork = Oandk =n — 1, Theorem A fails to 
give an improvement of inequalities (1.2) and (1.4) while our Theorem 1 improves upon 
the inequalities (1.2) and (1.4) respectively, in this case also. 


Remark 2: Again fork = O and k = n — 1, Theorem B yields the inequalities 
(1.2) and (1.3) respectively while Theorem 2 obviously improves the inequalities (1.2) 
and (1.3) respectively. 


Example—Consider the polynomial 
f (2) = 240.3 224072407. 


Then by inequalities (1.2) and (1.3), f(z) has all its zeros in | z | < 1.7, by Theorem 


B, with k = 1, f(z) has all its zeros in | z | < 1.4 whereas by Theorem 2, with k = ], 
J (z) has all its zeros in 


067<|z|<1.4 


2. LEMMAS 
Lemma |\—If f (z) is analyticin|z|< 


1,f(0) = a, where | a| <1, f’ (0) = 8, 
If @1<1 on|z| =1, then for}z| <1, 


If@i< —“e=lelizl2+ a] l[z|+|a@](l- Jal) 
lal(I~|a})}z]24+ 7b] lz!+(—Tal)° 


tea2.1) 


b 
Th = — 2 
€ example f (z) (< + POR al z2 ne Tee aa az? ) shows that the 


estimate is sharp. 


ZEROS OF POLYNOMIALS 771 


The above lemma is due to Govil, et al.2. 


One gets easily from Lemma 1, the 
following 


Lemma 2—If f (z) is analytic in| z| < R, f (0) = 0, f' (0) = b. and | f(z) | 
< Mfor|z! = R, and then for ol a 
M\z| M'z|+R2|b| 


3. PROOFS OF THEOREMS 
Proof of Theorem !. In view of Theorem A it is sufficient to prove that f(z) +0 
if 
| z | <= Ro 
where Ro is defined in (1.7). 


For arbitrary y © R we consider 


F (z) = (Ri — z) f(et” z) 
n 
= Ry ao + & (Ri ak etY — ax_y) e(k-l)ir zk 
k=1 


— eniy zntl Qn = 1 


= Ri ao + P (2), say. py on 1) 
Clearly 


n 
IP(Z)|1<Q1z( 2+ & | Ri ef ae — ak | |z1*,an= 1 
k=1 
and hence 


M (Ri): = max | P(z)\ 
[71-2 


n 
< Res + RY > | Ry etY ak — ak-1|,an= 1 


k=1 
a I n-1 
< 2K + RS ae Ry > Jarl 
k=1 k=0 
ny n-1 
: I 
n+1 ~ es ak | ) 
= R” (2+ S tait = 
k=1 k=0 


oak ek 
= Mi, say. ( ) 
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Now we note that P(0) =0,1 P’ (0)| = 1 R1iai ef%¥ — ao! =| b } if y is appro- 
priately chosen. Choosing y subject to this requirement and then applying Lemma 2 
we obtain 


My!zi Mylz1i+ R151 23.3) 
| P (z) | “TR! | Mi+ Lb iota] 


for|z!|< Rj. ; 


Combining (3.1) and (3.3), we get, for|z| & Ri 





Myi|z| My,izi+ R?\| 51 
PF(z) 12 &i lao! — RR? “My +161 iz) 


—1 
R? (M; +161 121) {1z|2M?4+ R21 b1 |z1 








x (My — Ri! ao!) — | ao | R? My} 
> 0 | 
if 
—Ri 1b) (Mi — Rilaol) + {RP1b12(My — Ril aol 2 
¥ + 4! ag | RP MP} oe. 
tiZal 2M: 
= Ro. 


Since the zeros of f (ze‘”) lie exactly in the same disc (centred at the origin) as the 
zeros of f (z) the polynomial f (z) has no zeros in 


1z1< Ro. 


This complets the proof of Theorem 1. 


We omit the proof of Theorem 2 as it is analogous to that of Theorem 1 except 
that we have to use Theorem B instead of Theorem A. 
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Let 7, %,-- ,m, be k independent populations and F; be the absolutely 
continuous cdf (cumulative distribution function) with continuous pdf (pro- 
bability density function) as f; of the life time of individuals in the ith popu- 
lation, 7 = 1, 2,...&. We assume that the hazard rate ri (x) = f; (*)/Fi (0), 
x 2 O exists for each i = 1, 2,..., k. Here F; (x) = 1 — F; (x) is the survival 
function, In this paper we consider the problem of selecting a subset of k 
populations containing the one associated with uniformly smaller hazard rate. 
The proposed selection procedures are based on two sample statistics which 
are functions of ordered ranks of the two samples vuder consideration. The 
procedure in general has may desirable properties. 


1. INTRODUCTION 


Suppose we have k independent populations of life lengths of their individuals 
which are being ranked in terms of hazard (failure) rates. We propose in this paper 
subset selection procedures to select a subset containing the population associated with 
uniformly smaller hazard rate based on two sample statistics given by Cheng!. Earlier, 
in an abstract, Patel? suggested a procedure for the problem of selecting a subset 
containing the population with the largest failure rate average out of several IFRA 
populations based on the number of failures observed by some fixed common time TJ. 
To the best of our knowledge no such paper appeared in the literature thereafter. 


In section 2 of this paper we have formulated the problem. Proposed selection 
procedures are given in section 3. Section 4 deals with the probability of a correct 
selection, expected subset size and infimum of a probability of correct selection. In 
section 5 some desirable properties of the proposed procedure are discussed. 


2. FORMULATION OF THE PROBLEM 


Let 71, 72, ..., 7k be k independent populations and Fi be the absolutely con- 
tinuous cdf (cumulative distribution function) with continuous pdf (probability density 
function) as jt of the life time of individuals in the ith population,i = },...,k. Let 
the hazard rate rs (x) = fi (x)/Fi (x), x > O exist for each i, i = 1, 2,...,k. Here 
Fi (x) = 1 — Fa (x) is the survival function of ith population, i = 1, 2, ..., k. Let 
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Q = {r: r = (ry, re, ..., rk)’, rt (x) < 09, x > 0 for alli - 1, 2, ..., kK} be the space 
of hazard rates of the life times of individuals of k populations. For any two popula- 
tion wt and 7j, 7 is considered to be better than 7 if ré (x) < rj (x) vie os a we 
assume that there is a best population, that is, foreachr € Q, there is an index i 
such that rt (x) < rj (x), xX > Oand ¥ j,j #i. If more than one populations are 
tied for the best then arbitrarily one of them is labelled as the best. 


For any r = (ri, re, ..., rk)’, we shall denote by rij the unique component of 

r corresponding to the best population. The goal is to select a subset of kK populations 

containing the best population, the one with uniformly smaller hazard rate rj. Any 

such selection will be called as CS (correct selection). Then the problem is to find a 
: ] : : 

rule R such that for a pre-assigned probability P* a < P* < 1), this satisfies the 


probability requirement : 
PrICS | Ri S PP yr e QO. Peed B29 EL 


Let A be the action space of the subset selection problem which is the set of all 
nonempty subsets of {1, 2, ..., k}, where taking actiona € A means the selection of 
those populations whose indices are in a. For any a € A, let 


CS (r, @) mat ane E {rt; i € a} 


Pr eis 
0 otherwise C4) 


and | a| = number of elements in a. 


Let Xt1, Xt2, ..., Xin, be a random sample of size mt from the ith population, 
Fimeel, Zs ates x. LCt Sey == (Ag, Atos cr Xin,)* be the vector of observations from the 
ith population and Jet X =.(X11, X49, ..., Xin, A Gis um X2N9, me ts Pe Xzkn,,)* de 


the vector of all the observations. For any subset selection procedure R, let Zr (X, a) 
be the probability assigned to a by R having observed X. 


3. PRoposeD SELECTION PROCEDURE 


We shall now develop procedures for the above problem on the basis of the 
estimators of the parameters 


{Fe (x)/Fé (x) + Ps (x)}} dy (x) 
A (Fi, Fj) = ny if eT 
N {Fy (x)/[Fs (x) + Fy (x)}1'2} dFé (x) 


Such parameters have been Proposed by Cheng]. 


For the ith and the jth population 
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ri (x) Grp (x) ¥ x 20 
<> fi (x)/Fa (x) & fi (x)/Fi (x) ¥ x > 9, 
<> Fj (x) fi (x) Fi (x) fo (x) ¥ x > 0, 
<> {Fj (x)|[Fe (x) + Fa (x23 ft (x) < {Pe (Fs (x) + Fs (0) 7} 


fi (x) ¥ x2 0”, 


> S (Fs (x)[UF (x) + Fy (x) } fs (x) dx 


> # (By (x)IfFe (x) + Fs (OP 2} fe (20) dx 


< A(Ft, Fj) > 1. ..B.1) 
Equality in (3.1) holds if Fs (x) = Fy (x) for all x > 9. 

To obtain the estimator of A (Fi, Fi), we replace Fi and Fy by the respective 
emperical survival functions. Let 7 4+ nj = nand ey < F: — 7 jt and ie 
as gs Ria) be respectively the ordered ith and jth sample ranks in the combined 
sample. The estimator of A (Fi, Fi) is Tis = Tin]Tin, where 


n;~1 


Tin = S [facto — Reyh | 205 n’ +n’ ma— ng n, o 
a=] 


2 j 112 { 312 1/2 j 
— n,m Ray | + ste n Rat | 


<a 3 son ye j 1/2 
{mi n, + n, nin n, nin ieee 


and 
n,-1 


Tin = >: im + Bp - stot lt 2n' n + nj n° 8 


B-1 
9 2 t 1/2 - s t 
—n;, mB—N7, MI sat ] + in" — nile Saat 


{ 


1/2 
2 2 C6 2 
1’ n, + nn, n njn, n ret . 
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The statistics 7%j, proposed by Cheng! for testing ri (x) = rj (x) ¥ x2 i 
against ri (x) < rj (x) ¥ x > O, depends only on the ordered ranks, which are uni 
quely defined, since Fi and Fy are both continuous. For Hee observations a abi 
ranks can be used. Our selection procedure is based on 77%; and is defined as follows : 


Ra: Select «i in the subset iff 
Ty > CO (a, P*) vi, pK. (3.2) 


The constants Cr (n, P*) > O are chosen such that 


Po (Tis > C\ (n, P*) ¥ i,j Fi] > PH. ...(3.3) 


Here Po indicates that the probability is computed under ry = ro = ... = re and 
mn = (11, Ma, ..., nk)*. 


The procedure (3.2) can be modified to select a subset of k populations better 
than the unknown control population. Let ro (x) = fo (x)/Fo (x) be the hazard rate 
of the control population 79 and rt (x) = ft (x)/Fe (x) be the hazard rate of the popu- 
lation wt, i = 1, 2, ..., k. Population 74 is considered to be better than zo if ri (x) 
S ro (x) for all x > 0. Let nj be the number of observations taken from population 
™4,j/ = 0, 1, 2, ..., k and let n* = (no, ny, ..., nk)’. The proposed selection procedure 
based on the statistic Tio, the estimator of parameter A (Fi, Fo), is 


Ra, : Select 7i in the subset if and only if 
= 7) «ope 
Tio > Cyutn st) ...(3.4) 
The nonnegative constants Cn (n*, P*) are chosen such that 


Po [Tie'> Cy” (nt, P*); i 1,2, Bs pee 


Here Po indicates that the Probability is computed under rox) =n(x)=..= rk(x) 
for ail x > 0. 


The procedure (3.4) can approximate] 
for the case of large and moderate 
as follows : 


y be used with the help of existing tables 
equal sample sizes from al] the (k + 1) populations 


lettro=m =... =m = n. By Theorem 2.] of 


Cheng}, it follows that as 
N > co such that n[N + p (here N = n (kK + 


1)), the limiting distribution of 
Zio = 2/n (Tio — 1)/3 
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is normal with mean zero and variance 1 if rs (x) = ro (x) forall x > 0. Itisa 
known fact that the joint distribution of standardized correlated variables often tends 
asymptotically to multivariate normal distribution (c.f. Gupta ef a/.3). Thus the limiting 
distribution of the random vector Z = (Zio, ..., Zko)t under rp (x) = 11 (x) = 2. = 
rk (x) for all x > O will be asymptotically multivariate normal of equally correlated 
standard variables when mo = ny = ... = nk = n. Now the constants eh (nF) 


are determined such that 


P* = Po[(Zto > Co for all i = 1, 2, ..., k] 


I 


Po[min Zio > Co] 
i 
= Po [max Zio < — Col. 
rf 


Here 


Co = 2a [CO (n*, P*) — 11/3. 


Now we can use the Table I of Gupta et al.2 to read the constant —Cp and 


thereby get the values of constants rane (0% P*) fish: Oo) ke. 


4. PROBABILITY OF CORRECT SELECTION AND EXPECTED SuBSET SIZE 


Let us define, y = {a € A| CS (r, a) = 1}, the probability of a correct Selec- 
tion is then 


P, [CS | Ra] = P [rt is in the selected subset | Ra] 


I 


P.[ WU  (X is observed and action a is taken) | Ra] 


aca 


= ToPyt U {action a is taken | X = x, Ra}] dF (x) 
aGA 
There may be different subsets in A which contain the best population. All these sub- 


sets form A. However, on the basis of available observations one and only one subset 
from A can be chosen, that is, only one action at a time is possible. Thus the above 


integral may be written as 
Ex [ Sy P; (action a is taken | X, Ra)] 


acd (equation continued on p, 778) 
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et Ss CS (r, a) Zr, (X, a). 


aGA 


The expected subset size is 


E{S | Ro] = Ex[ >) |a| Zr,(X, @)]. 


aGA 
For fixed P*, 0 < P* < 1, a procedure R is said to satisfy the P* condition if 
inf PL (CS | Rj ae P*: 
rEQ 
Let r + be specified. The following lemma due to Cheng! will be used to show 
that the procedure Ra satisfies the P* condition. 


Lemma 4.1—Assume that the statistic S (xj, .. , Xjmj, Xt sey Xin,) is symmetric 


> 


n , 
in arguments {xja,% = 1, ..,j} and S One a x; 95 xy a eA (xy 4 
oil Xt1, .. , Xtn,) for every ae S ie a= 1,2, ...,mj and xie’s, B = 1, 2, .., ni. 


Here x denotes the «th order statistic from the jth sample. If Fi (x) > F; (x) for 


allx > 0 and Fi and Fj are both continuous distributions then for the random 
samples {Xis, B = 1, ..., mi} and {Xju, « = 1, 2, ..., mi} and every constant C*, 


PiSi(t i Xin;; Xt, ... Xin) > C* | Xip ~ Fi; Xin ~ Fi] 
hy PD AS oe Xin; Al) Vans Xin,) > C*| Xig ~ Fi, Xin ~ Fj). 


Theorem 4.2—For the procedure Ra, P* condition is satisfied. 


PRooF: Assume without loss of generality, that 7 is the best population 1.¢., 
rt (x) rj (x) for all J (j 4 i) and x > O. This implies Fi (x) > Fy (x) for all/ (7227) 
and x > 0. The statistic 7% satisfies the conditions of the above lemma. Hence 


P* & Po [Ty > C (n, P*) ¥ J, 7 Ki] 


q Piiti ef (u, P*) for all j, 7 & i), 


5. PROPERTIES OF PROCEDURE Rg 


Gupta and Nagel‘ and Santnerd have de 


, fined some desirable properties of a 
selection procedure, viz. 


' unbiasedness, monotonicity, strong monotonicity while pro- 
posing selection procedures for parametrtc families. We see below that with necessary 
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modifications in the definitions, these properties also hold for our procedure. In what 
follows we define and prove the strong monotonicity of Ra, which implies its monoto- 
nicity and hence the unbiasedness. For anyr € Q, let 


p, (i) = Pr [Ra selects mt] for i = 1, 2,.., k. 
Definition 5.1—The procedure Rg is Strongly monotone in 7 means 


p (@)is | in ri (x) = fi (x)/Fi (x) when all other 


components of r are fixed; 
is ¢ in rj (x) (j ¥ i) when all other 
components of r are fixed. 


To show the strong monotonicity of Ra we prove the following lemmas : 
Lemma 5,1—The family of distributions of Ti; is stochastically increasing. 


PRooF: Let ri (x) < ro (x) < rj (x) ¥ x > O which implies A (Fi, Fj) 
> A (Fo, Fy) and let G (x; A (Fi, Fy)) = Pa(F;, F,) [713 < x] be the cdf of 7i;. We want 
to show that G(x;A (Fi, Fj)) < G (x; A (Fo, Fi)) ¥ x > 0. Nowrt (x) < ro (x) 
< rj (x) > Fi (x) & Fo (x) < Fy (x) ¥ x > O. The result follows from Theorem 4.3.3 
of Randles and Wolfe® by taking H = Fi, G = Fo and F= Fj. 


Lemma 5.2—Let G (x) and H (x) be two absolutely continuous distributions 
with G (0) = H (0) = 0 and let re (x) and rx (x) be the corresponding hazard rates. 
If ru (x) S re (x) ¥ x > O and S (x) is a nondecreasing function of x, then 


Eu [S (X)] > Ec [S (X)]. 


Proor : Since, ru (x) < re (x) > A (x) < G(x) ¥ x DO, the lemma follows. 


Lemma 5.3—Let X1, X2, ..., Xe be kK independent random variables where dis- 
tribution of Xt is Ft with hazard rate ri (x), x > 0,7 = 1,2, ...,k. For any fixed 
i(l <i <k)if S (x1, xa, ..., xt) is a nondecreasing function of xt when all Xt J me i, 
are held fixed and re (x) be the hazard rate corresponding to a continuous distribu- 
tion G (x) such that rt (x) & ra (x), x > O, then 


Fry, 199 209 Mp To NitD > Th [S (X41, «.-, Xt-1, Xt, Xt41, -.-, X2)] 


2? Er, Too ...9 ]-19 TG +1? ---9 Tk [S (%4, AA Xt-1, Xi, Xt41, sig Xx)]. 


Proor: ri (x) < re(x)¥x>0> Fi(x)< G(x)¥ xe 0. 


Now 
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Er,, SU CBR ULe [S (X4, “9 XM, ate Xk)) 
— Ey,, Lae %-.p Ti+. ree T, [Er, {S (Xa3 x2, Sate) Xt_1, Xi, Xts1, oo-g xk)}] 


and S (x1, Xe, ..., Xt, ..., Xk) is a nondecreasing function of xi. Hence by Lemma 5.2 
it follows that 


Er {S (x1, -. , Xt-1, Xt41y.«-.- , Xk)} 
2 Erg US (Kis ¥8y a)» Xta1, Ay Xie, ase, AE). 
Since this is true for each fixed i, the Jemma follows. 


Theorem 5.1—The procedure Ra defined in (3.2) is strongly monotone in xt, for 
Any dearly 2.2 2 ke: 


Proor: The family of distribution of Tis is stochastically increasing and for 


each fixed i, min 7ij is nondecreasing in Xi, when other components of X are held 
SFi 


fixed. For fixed i(1 <i < k) define. 


r 


Lif Ty > C (a, P*) for ally Fi 
O (Tis) = 


0 otherwise. 


If ri (x) < rf (x) and rj (j ¥ i) are held fixed, it follows from Lemma 5.3, that 
Es, ooe9 Mo ooo TE [Q (T3)] 2 Er, ise or seed Th [Q (Tis)] 


=> Pr [Ra selects i] > P,* [Ra selects nt] 


Pr (i) > Pi) (5.1) 


where r = (rj, ro, wera It, ..., rk)t and 


Biola (al a Seer wae 147" 


(5.1) implies that the selection procedure Rg is strongly monotone. 


Since a selection procedure which 


1s strongly monotone is also monotone (see, 
for example Santner5), 


and hence unbiased, we have the following corollary. 


Corollary 5.1—The selection Procedure Ra is monotone and unbiased, 
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We reconstruct a class of digraphs and improve a result on the reconstruc- 
tion of graphs due to P. Z. Chinn. 


1, INTRODUCTION 
A digraph D consists of a finite set V of points and a set A of ordered pairs of 
distinct points. Any such pair (u, v) is called an arc from utoyv. With each point v 
of a digraph D, we can associate a triple (r, s, k), called the degree triple of vy, where 
r = | {ul (vfu) € A and (u,v) & 4}),5 = | {ul (u,v) © A and (vy, u)& A} |,and 
k = | {u | (u,v) EA and (v, u) © A} |. We use the terminology as given in Harary?. 


Reconstruction Conjecture— Any graph with at least three points can be recon- 
structed up to isomorphism, from the collection of its point-deleted subgraphs. 


Digraph Reconstruction Conjecture (DRC)—Any digraph with at least five points 


can be reconstructed, up to isomorphism, from the collection of its point-deleted sub- 
digraphs. 


If D is'a digraph with points v1, vo, ... yn and d is the degree triple of v« in D, 
then (D — vi, di) is called a degree triple associated point-deleted subdigraph of D. 


New® Digraph Reconstruction Conjecture (NDRC)3— Any digraph can be recon- 


structed, up to isomorphism, from the collection of its degree triple associated point- 
{deleted subdigraphs. 


. 


A‘ digraph is called reconstructible if it obeys DRC and N-reconstructible if it 
s NDRC. It is obvious that the truth of DRC implies the truth of NDRC, which 
in turn implies the truth of the reconstruction conjecture. Stockmeyer5 has found six 
infinite families of counterexamples to the DRC, but the digraphs in all these counter- 
examples’obey NDRC4. In fact, no counterexample has so far been unearthed for 
NDRC. Consequently, the problem now is to determine which classes of digraphs are 
reconstructible. Chinn! proves the following result for graphs: 


Theorem Al—Let Gt,i = 1 ton, beth 


each point-deleted subgraph of one of the Gi, say Gy, occurs exactly once as an induced 
subgraph of any Gi, i 1, then G is reconstructible. 


obey 


€ point-deleted subgraphs of a graph G, If 
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We prove that a related class of digraphs is reconstructible and, from this, re- 
construct a larger class of graphs then that covered by Chinn’s result. 


Let D be a digraph with points 1, vo,..., vn, m > 2, and assume that v1 can be 
located (position of vj can be deduced from the information furnished by D — vi, i = 1 
ton) in D — vi foreachi > 1. Let B be the set of degree triples of the point v in 
D — vw, i = 2, ...,n. If Bhas only one element andit is (n — 2, 0,0) (0, — 2,0) 
or (0, 0, n — 2)), then the degree triple of v1 in Dis (n — 1, 0,0) ((0, — 1,0) or 
(0, 0, — 1), respectively). Otherwise, (k, m,n) is the degree triple of v1 in D where 
k, m, and n are, respectively, the maximum values of the first, second and third co- 
ordinates among the triples in B. Such an argument works in the case of graphs also. 
This observation is used in the proof of Theorem | below. 


2. RECONSTRUCTION 


Theorem 1—If D is a digraph having a point j such that D — j has noniSomor- 
phic point-deleted subdigraphs and / can be located (position of point j can be deduced) 
in each point-deleted subdigraph of D except D — j, then D 1s reconstructible. 


Proor: Let 1, 2, .. , 7 be the points of D and let us denote D — i by Di. With- 
out loss of generality, let j = 1. By hypothesis, the point | can be identified in each 
Di,i= 2ton. Foreachi, i = 2 ton, there is a unique point in D1 whose removal 
gives a digraph isomorphic to Di—1. This point of D, corressponds to the point i in 
D and labelit in D1 accordingly. Thus Dj is labeled with 2, .. , 7. From the set B of 
degree triples of the point 1 in Dg, ..., Dn, we can find the degree triple (k, m, n) of the 
point | in D as given in the previous section. 

It is obvious that there is a single arc from | to i, there is a single arc from i to 
1, there is a symmetric pair of arcs between | and/or there is no arc between ! andi 
according as the degree triple of the point 1 in Di is (k — 1, m,n), (k, m — 1, n), 
(k, m,n — 1) or (k, m,n). Thus the arc (s) between | and any other point / is known. 
Since the arc (s) between any two points i and /, + i+ j %1in Dis same as that 
in the labeled digraph D1, D is known. 

The digraph D in Figure ! satisfies the hypothesis of Theorem | with v in the 
place of point j as follows : 


Fic. 1 
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Suppose the collection S of point-deleted subdigraphs of D are given. In S, there 
is a member, say D; (Di corresponds to D — »), having distinct point-deleted subdi- 
graphs. From S,wecan deduce that the point, say 1, whose deletion gives D1 is 
incident with only one arc in D. Hence in any member of S except Dj, point | will be 
incident with at most one arc. However, each member of S except Dj; has exactly one 
such point and this point must be the point 1. Thus in each member of S except Dj, 


the point | can be located. 


Corollary 1 if Gis a graph having a point / such that G — j has nonisomorphic 
point-deleted subgraphs and j can be located (position of point j can be deduced) in 
each point-deleted subgraph of G except G — /, then G is reconstructible. 


This is only the graph version of Theorem 1. 


Corollary 2—Let Di, i = | to n be the point-deleted subdigraphs of a digraph 
D. If each point-deleted subdigraph of one of the Di, say D1 occurs exactly once as an 
induced subdigraph of any Di, i # 1, then D is reconstructible. 


Proor: Since Di are the point-deleted subdigraphs of a digraph, points of each 
Di can be labeled with {1, 2, ..., n} — {i} such that Di — j = Dj — ifor each fed 
If D) — i= Dy — j,i ¥ j, then the point-deleted subdigraph D, — i of Dy, is isomor- 
phic to the subdigraphs Di — 1 and Dj — 1 of Di and Dj respectively, contradicting 
the hypothesis. Hence the point-deleted subdigraphs of Dy are distinct. Now forget 
the labeling assumed above. Take any point-deleted subdigraph H of D1. H can be 
obtained by deleting a point corresponding to point 1 of D from Dy; for some D ee a 
Because of the hypothesis, there is a unique Di, t+ 1 anda unique point win D; 
such that Dt — w is isomorphic to H. Clearly this point w in D; is the point 1 of D. 
In this way, each point-deleted subdigraph of Dj can be used to locate the point ! in 
a Di,i #1. Since Di and Dy have a point deleted subdigraph in common for each 
i> 1, we are able to locate the point 1 in Di foreachi > 1. Hence D satisfies the 
hypothesis of Theorem 1. Hence D is reconstructible. 


Theorem A is simply the graph version of the above corollary. 


(2 
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The proof of Corollary 2 shows that any digraph (graph) that satisfies the hypo- 
thesis of Corollary 2 (Theorem A) satisfies the hypothesis of Theorem 1 (Corollary 1). 
But the converse is not true. The graph Gin Fig.2 illustrates this. In G,Gg (Gt 
denotes G — i) has nonisomorphic point-deleted subgraphs. Also, since 8 is a point 
of degree one in G, it will occur as a point of degree at most one in Gi, j # 8. 
However, each Gj, j # 8, has a unique point with degree at most one, and this point 
must be the point 8. Thus G satisfies the hypothesis of Corollary 1. But 


Gy —2=Ge-—-12=G6,4-2 

Go —-7= G3 —7=G7—-2 
and 

Ge — 8 = G5 — 4= Gg — 6 


so that there does not exist a Gi such that each point-deleted subgraph of Gi occur 
exactly once as an induced subgraph of any Gj, 7 ~A i. Hence G does not satisfy the 
hypothesis of Theorem A. Thus Corollary 1 reconstructs a larger class than that 
covered by Chinn’s result. 


Corollary 3—A graph (digraph) G with one point labeled is reconstructible if the 
subgraph (subdigraph) of G obtained by deleting the labeled point has distinct point- 
deleted subgraphs (subdigraphs). 


The proof is obvious as the hypothesis of Theorem | holds. 
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It has been shown here that a direct sum of Hopfian modules need not be 
Hopfian, A class of modules whose strong Hopficity is preserved under taking 
injective hulls, has been provided. Also a characterization has been obtained 
for the super Hopficity of a quasi-injective module. 


INTRODUCTION 


As has been noted by Hiremath!, the concept of Hopfian groups was introduced 
by G. Baumslag in 1943. It was generalized to Hopfian rings and modules by Hire- 
math. In fact, the study of endomorphism rings of various rings and modules has 
been a topic of keen interest since the end of the nineteen sixties when injectivity and 
its variants began to flourish. Answering several questions raised by Hiremath, it is 
shown here that a direct sum of Hopfian modules need not be Hopfian. A class of 
modules whose strong Hopficity is preserved under taking injective hulls, has also been 
provided (Proposition 4). Lastly, a characterization has been obtained for the super- 
Hopficity of a quasi-injective module (Theorem 6). 


PRELIMINARIES 


Throughout this paper, the basic ring R is associative with 1 and the R-modules 
M are left unitary. M is said to be uniform if it is essential extension of each of its 


. . . A 
nonzero submodules. The injective hull of a module M is denoted as M. 


An R module M is said to be Hopfian if ey 
automorphism of M. Similarly, a rin 
onto R is an automorphism. Tiwary 


ery ependomorphism of Mis an 
g& R is Hopfian if every ring homomorphism of R 
and Pandeya? have introduced the *-property as 
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follows : M is said to satisfy* if every non-zero endomorphism of Misa monomor- 
phism. This property implies Hopficity. But the converse is not true. Thus, we call the 
*-property “strong Hopficity”’. Similarly we call MW super-Hopfian if its endomorphism 
ring is a division ring. This property implies strong Hopficity but the converse is not 
true. These concepts are illustrated by the following examples 


(i) Z4as a Z-module being Noetherian, is Hopfian but it is not strongly Hopfian. 


(ii) Z, considered as module over itself, is cyclic torsionfree and therefore strongly 
Hopfian but it is not super-Hopfian since Homz (Z, Z) = Z whichis not a divi- 
sion ring (cf. Proposition 4). 


(iii) Any simple module e.g. Zo is a super Hopfian Z-module. 


Note 1 : Hiremath! has asked whether the Hopficity of a ring R implies the 
Hopficity of the polynomial ring R [X] in an indeterminate XY. We note here that the 
class of Noetherian rings among the Hopfian ones obviously enjoy this property since 
R is Noetherian implies R [X] is Noetherian4 (Theorem 1, p. 20!) and hence it is 
Hopfian. 


Further, Hiremath has raised the question whether a direct sum (even finite) of 
Hopfian modules is Hopfian. It is pointed out here that this is not true at least in the 
Case of infinite sums. 


Example 2—The Z-module @ Z is Hopfian if C is finite. But if C is infinite 
é 


it is not Hopfian according to Hiremath!, Proposition 12 and Theorem 14. But each 
Z is strongly Hopfian and so Hopfian. 


This answers part of Hiremath’s question in the line just before Remark 7 on 
p. 897 of Hiremath!. 


Another problem posed by Hiremath! (Remark 7) is as follows : 


Is Hopficity a hereditary property? Here we note that strong Hopficity is inhe- 
rited in the case of a quasi-injective module. 


Remark 3: Tiwary and Pandeya? (Proposition 2.6) have established that if 
is a quasi injective module then the | — 1I-ness of all the nonzero endomorphisms in 
Hom (M, M) forces the | — 1! ness of all the nonzero endomorphisms of any non-zero 


submodule N of M. 


As is noted by Hiremath! (Remark 10), the Hopficity of a module does not 
guarantee the Hopficity of its injective hull. However, we give below a class of stron- 
gly Hopfian modules whose injective hulls are also strongly Hopfian. 

Proposition 4—A cyclic torsion-free module and its injective hull are strongly 


Hopfian. 
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Proor : Take a nonzero f € Hom (M, M) anda nonzero element x € ker f. 
Then x = ry for somer € R and f(x) =rf(y) = 0. Because f(y”) #0, r=0 
showing that f is monic. Hence M is strongly Hopfian. 


A A 
Let f be a nonzero endomorphism in Hom (M, M). Suppose ker f # 0. Then 
Ker f 1 M £ 0. So there will exist some nonzero x € M such that f(x) = 0. Since 
M = Ry this will give f (ry) = 0 wherer € R. So rf(y) = 0. But the torsion-freeness 


A 
of M gives f () = 0, a contradiction since f(y) # 0 as M is also the rational exten- 
sion of M. Hence ker f = 0 and consequently M is strongly Hopfian. 


Lastly, we give a characterization for the super-Hopficity of a quasi-injective 
module. First we have the following : 


A 
Lemma 5—If M is quasi-injective and M is strongly Hopfian, then M is super- 
Hopfian. 
Proor : Let K = Hom (M, M) and D = Hom (M, M). Take a nonzero f € D. 


Due to the injectivity of M there exists a nonzero k € K withf(M)=k (M). 
Because k is monic, so is f, whence we can define a map g © Homer (f (M), M) by 
g(f(m)) =m. Because M is quasi-injective there exists an h € Home (M, M) such 
that h | f (M) = g. Clearly hf = 1 and so Dis a division ring. 


Theorem 6—Let M be a quasi-injective module. Consider the following condi- 
tions : 


(i) M is super-Hopfian. 
(ii) M is super-Hopfian. 
(iii) M is uniform and x, y € M,(0: x) > (0: y) implies x = 0, 


Then i) implies ii) whereas ii) and iii) are equivalent. Moreover, if the rational 


completion of M coincides with M then ii) implies i). 


Proor : Let K = Hom (M, M) and D = Hom (M, M). 


(i) implies (ii): This follows from Lemma 5. 


(ii) implies (i) : Suppose that the rational completion of M coincides with its injective 


bull. let D be a division ring and k € K. Under the given conditions, one-oneness 
of k is clear from Tiwary and Pandeya? (Theorem 1.5). 


A 
Since M is injective, the exact se 


A A A A 
quence 0 > M + k (M) splits and so k(M) = M, 
whence k is an isomorphism. 
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(ii) implies (iii) and conversely : This follows from Wong?. 


Corollary—If we take M to be nonsingular in the above Theorem then i), ii) and 
Hi) are all equivalent. 
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The purpose of the present paper is to introduce a Finsler connection which 
is neither jA-metrical nor y-metrica! but i. is recurrent with respect to both 
h and »-covariant derivatives. Sucha Finsler connection will be called an 
hy-recurrent Finsler connection. 


1. INTRODUCTION 


Cartan! published his monograph “‘Les espaces de Finsler’’ and fixed his method 
to define a notion of connection in the geometry of Finsler space. His method was put 
in order by Matsumoto® and determined uniquely the Cartan connection by assuming 
four elegent axioms : 


(1) The connection is metrical. 
(2) The deflection tensor field vanishes. 
(3) The torsion tensor field T vanishes. 


(4) The torsion tensor field S1 vanishes. 


Hashiguchi? replaced the condition 2 by some weaker condition and determined 
a Finsler connection with the given deflection tensor field. He4 also determined uniquely 
a Finsler connection, by replacing the condition 3. In almost all these works it has been 


assumed that the connection is metrical so that the covariant differentiations commute 
with the raising and lowering of indices. 


Recently Prasad e/ a/.11 have introduced a Finsler connection with respect to 
which the metric tensor is A-recurrent. Such a Finsler connection has been called an h- 
recurrent Finsler connection. While introducing an h-recurrent Finsler connection, it 
has been assumed that the v-covariant derivative of the metric tensor vanishes and 
the torsion tensor fields T and S! also vanish. The notion of Av-recurrent Finsler con- 
neetion has also been studied by Ghinea2? from another standpoint. 
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A Finsler manifold (F, LZ) of dimension n isa manifold F” associated with a 
fundamental function Z (x, y) where x (= x‘) denote the positional variables of F” 
and y (= y!) denote the components of a tangent vector with respect to x‘, The metric 


tensor of (F”, L) is given by gij = 4 O 8; L2 where & = 0/dy*, 
: E i i 
A Finsler connection of (F”, L) is tried ( Ft, ough, ap ) of a V-connection 


i ; : t 
F,, a non-linear connection N,, and a vertical connection ee (Matsumoto’). If a 


Finsler connection is given, the h-and v-covariant derivatives of any tensor field Vs 
are defined as 


t re é m t é m 
Rie eV tS FL, Ve Re 


7 as t m i é m 
Piet oe ya V5 Cl ve, 


where 


dk = dk — Ne Om, ke = 6/ex*. 


2. hv-RECURRENT FINSLER CONNECTIONS 


Let ax be the components of a (0) p-homogeneous vector field and bx be the 
components of a(—1) p-homogeneous vector field. Then a Finsler connection 
F (a, b) = (Fi, (a, b), Ny (a, b), Cy (a, b)} will be called Av-recurrent if the h-and 
v-covariant derivatives of the metric tensor gij with respect to F (a, b) are recurrent, 
1. €@, gigik = ak gij and gij | k = be gtj. In particular /Av-recurrent Finsler connections 
F (a, 0) and F (0, b) will be called A and v-recurrent respectively. The quantities with 
respect to Av-, h-and v-recurrent Finsler connections will be denoted by putting (a, b), 
(a). and (5) respectively. The quantities without any parenthesis will correspond to 
the quantities with respect to the Cartan connection CI’. To avoid confusions we use 
the A and v-covariant derivatives with respect to CT’ by | k and | k while these covariant 
derivatives with respect to any Av-recurrent Finsler connection will be denoted by 
| kK and ||k. To determine such an hAy-recurrent Finsler connection we have the 
following. 


Theorem 2.1—Given covariant vector fields ax and bx, there exists a unique 
Finsler connection F (a, 5) satisfying the axioms 


t t 
gijllk = ak gis, gtillk = be gts, N, (a, 6) = y! Fy, (a, 5) 


t f 
Fi, (a,b) = Fi, (a, b), Cy (a,b) = C,, (a,b). 
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The coefficients are given by 


‘ GH 
Fig (4,6) =Th, + Op ae 
Ni (a,b) = Git T, -- (2.2) 
‘ sos ae 
Cy, (a,b) = Cy + oy (2.3) 
where 
t ¢ t 
cr=(Th. G, Cy | 


i m m Af 
O'n ea {0 ei 1 12( Ci C. +O. Cs Cir cs) 


—( en yk + CL — Cyr y ) _ (ae a + aj3y, — at gn) 


(2.4) 
if = 4 (a! yk — ak yt — ag 8 L2 ex ) We), 
ote (0 ib tas ) (2.6) 
jk - 4 at2: 


Cl =a" Ct = gim bm 


and 0 denotes the contraction with *. 


In the following, we establish the relation between the torsion R’, P’ and cruva- 
ture tensors corresponding to F (a, b) R®, P?, S2 determined in Theorem (2.1) and 
CT’. (k) denotes the h-covariant derivative with respect to the Berwald connection 


hey i 
BY =(é& G, en Ce et) 
By direct calculations based on their definitions, we get 

R' (acbhmicR sear Ty oe ay é ™m > t 

sk 4 ik sey — *k¢d) j Oml, — T, Om T, 
wee out) 

pt b ‘ eo: i 

jk (4, 6) = Pi + Ok iy or Or; £33(2.8) 


‘ bets, t i mn i ; 
Rinne (5) = Ray + Qnne — Qrey —Ty 2m eg Pe Te ém Or, 


m xt os Wee é m i F 
dG Ome a a r; om Ox “th O15 Omk == On Oni 


(equation continued on p. 793) 


FINSLER CONNECTION 793 
i m i i m m r . m 
TF Sam Ry + [oye t Fam )( Tie) — Tey +7; % T, 
< ™ 
—T, ér 1’ ) (2.9) 
t t ee t k 
Paik (a, b) — hik + T, Om (Ch, + one ) 
i t : i 
+ (ee. +o, ) eT? +04,, 
t 1 m t m ™ t 4 m 
perbanet: Sant Sythe Cin PCa elt a ne Oe 
sesh eon) 
st fanny cas! es i st c! 
njk “4s J = Sin + 4 Caz 80 + Cmnk 4 — Cans Bik 
t i t 
— Cmnhj a, | a t b2 (su 5, — ghj om )+a 
bt (gnj be — gne bj) + tbr (0 8. — be 3, ) 
as aes 
+ Ok Oa 07 os. 2 (2c) 


where 
b2 = bm b™, 


3. h-RECURRENT FINSLER CONNECTIONS 


In this section we consider a particular one F (a) of an h-recurrent Finsler con- 
nection in which az is the unit vector (Putting az = Ix, bk = 0 in (2.4), (2.5) and (2.6) 


we get 
Of, — - (LC, — hs, H+ Ken ) 
T, =—}L38,,C, =0 
oy, = 0. 


Thus from (2.1), (2.2) and (2.3) we get 


t t t t 
Fi, @=THe +4(LCy — med, - bd, + Hen) 


t 
Ni (a) =G, - $13, 


me) 


Ph bes. 


7d eB 


...(3.4) 


wip By 
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‘ i 
C,{a)= Ce: Lid CH | 
Since L(x) = 0, in view of (2.7) and (3.2) we have 
i i ner Ps 
Ri, (@)=Ry +2 (v1 8. — Jed, ) ‘ ee gy 
By Matsumoto? (p. 168) a Finsler space of scalar curvature K is characterized by 
i i f 
Ra = K (ze ee ip 


If K is constant then (F”, L) is said to be of constant curvature? (p. 170). In view 
of the relation (3.7) we have the following 


Theorem 3.1—If the (v) h-torsion tensor Ry (a) of an h-recurrent Finsler con- 
nection F (a) with respect to at = /k vanishes then (F”, Z) is of constant curvature 
rt oF 

Substituting (3.1) and (3.2) in (2.8) we get 


foes (a) = Pe — i( L CE — 3, +1 git). 
This relation gives 
t 
Py, (= 4 Lh, P®. @)=—4Lhp 


t 
Pix (@)— Pr, @=4( % — hed ) 


which give the following 


Theorem 3.2—The (h) hy-torsion tensor ee (a2) of an hA-recurrent Finsler con- 
nection F (a) with respect to ax = Jk never vanishes. - 


Substitting the values of O', ; T and On from (3.1), (3.2) and (3.3) in the re- 
lation (2.9) we get 


i Aest i i l 
Rie (@) = Ran Fat Pieris eee L2 S) 
l i 
+] (8% ans - 3) one), 
Since 


t t i 
P = = — 
hjk Par Saikyo 
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(Matsumoto9, p. 115), we have the following 


— - é M 
Theorem 3.3—If the A-curvature tensor Rae (a) of an A-recurrent Finsler con- 


nection F (a) with respect to ak = /k. vanishes and (F”, L) is of constant curvature (—}) 
then 
i 


Sri = 2Ll S 


é 
hik 


To find the relation between the /v-curvature tensors of an A-recurrent Finsler 
connection F (a) with respect to ax = /x and CI’, we differentiate (3.1) v-covariantly 
with respect to CI’. Then we have 


Cae i t 1 t I 
Quik = 4 (1 Cn + L Cues — TL fine 8, may: hik a 


1 i 
+ a hi. gis). 


Substituting (3.1), (3.2) and (3.3) in (2.10) we get 
i 


t i 
Poeti= Pe +t &S,, + a ( Cin — In Ci, ) 


l i 4 
4 a(t &nj —hhk 8, — hik 3 ) . 


; : i ; 
Since the vertical connection C jk (a) of an A-recurrent Finsler connection F (a) 


is the same as the one on of CI’ cf. (3.6)), the v-curvatures of both the connections 


will be same. 


4. v-RECURRENT FiINSLER CONNECTIONS 
A v Recurrent Finsler connection F (5) is a particular Av-recurrent Finsler connec- 
tion F (a, b) obtained by putting az = 0. Then we have zs = 0 and Q', = 0. Thus 
from (2.1), (2.2) and (2.3) we get 


i i i i t t 

FL, (= TH +N, (0) = G Cy = Cy + op - 
It is to be noted that our v-recurrent Finsler connection is the generalized Cartan con- 
nection C-I defined by Hojo. From (2.7), (2.8), (2.9) and (2.10), it follows that the 


torsion R1, P1 and curvature tenSors R2, P? of F (5) are given by 


t t t Pr 
Ri, (1) = Ry» Py, (0) = Py (4.1) 
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t § m 4 
Ra O= Ryn + +( b Rnjk — bmd, Ry, — br Ri, ) .-(4.2) 


i i i t 
P ust Oke Paik ae (41, ghk — bey On — bnjj om ) 


+4 (a Pnrjk — bm Pe s, — bn Pa ) aa) 


Now if Liven = 0 then Ry, = Ree yr = 0. Hence from (4.2) we have 


R, je (b) = 0. Conversely, if R,, jk (b) = O then after contracting (4.2) with y” we get 


Rete ( bt Rost — bm y R™ — by Ri, ) =o. (4.4) 
Again contracting it with ys we get 
Rojk = 4 L2 bm RY, . ...(4.5) 
Transvecting (4.4) with bi we get 


(1 — bo) Ry, bm + } b? Rose = 0. ...(4.6) 


From (4.5) and (4.6) we get Rok = 0 = R'. bm provided 4 (1—bo) + 62 L240, 
Hence from (4.4) we get R\, = 0 provided bj) #2. Therefore putting ee (5) = 0, 
t ; 
Ry, = 0 in (4.2) we get 1 = 0. Thus we get the following 


Theorem 4.1—If a v-recurrent Finsler connection F (b) satisfies 4(1 — bo) + 
62 12% 0, bo # 2 thenR },, (6) = 0 is equivalent-to Ri, = 0. 


t 
If P nik 


I 


i i 
0 then Py = Paik y” = 0. Hence from (4.3) we have Pos (6) = 0 


provided bijk = 0, Conversely if et (b) = 0 = bik then we have 


i i 
Pan + 3 (0 Pnik — bm Pe o, — On Be ) = 0, .».(4.7) 


Contracting (4.7) with )” and using the fact that Pajx yh = 0, we get 


t m 
(2 — bo) Py, = bm PM yt, ...(4.8) 
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Again contracting (4.8) with bi we get bm Pe = 0 provided bp 4 1. Hence 


7 7 : 
(4.8) yields P;, = 0 if bo + 2. Thus (4.7) gives P,,, = 0. Hence we have the 
following. 


ee 4,2—If a v-recurrent Finsler connection F (b) satisfies bijx = 0, bp 41,2 
then Paik (b) = 0 is equivalent to Be = (0), 


; : ; i 
Since the vertical connection C 7: (a, b) of an Av-recurrent Finsler connection 
F (a, b) is identical to the one c (b) of th i i 
, jk of the corresponding v-recurrent Finsler connec- 


tion, F (5) the v-curvature tensor s‘, fk (b) of F (b) is also given by (2.11). 


If the recurrence vector bx is such that 5 = L-! Je then (2.11) is reduced to 


i i 3 
Sin O= Sin — oo (1m hi — Ins hi, ) 4.9) 


A Finsler space of dimension n > 4 is called S3-like if Sure is of the form! 


t 


2 Shi 


i ti? 
= S (inj Hi, — how Hi ) 
where Sisascalar. In this case the scalar S is a function of position alone’. There- 
fore (4.9) gives the following : 


‘ ; 
Theorem 4.3—If v-curvature tensor S, ,, (b) of a v-recurrent Finsler connec- 


tion F (b) with respect to bk = L-1 Je vanishes then (F™, L)is S3-like. {n this case 
S= — }. 
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In this paper we shall show the existence of quartic structure of a hypersur- 
face in an almost contact manifold. Applying cosymplectic conditions on 
almost contact manifold, we also study totally umbilical, geodesic and the 
existence of parallel vector fields in the noninvariant hypersurface with 
(f, g, u, v, )—structure and some properties of normal (f, g, u,v, A)— 
structure. 


1. QUARTIC STRUCTURE 


Let M be (27 +1) dimensional almost contact manifold with (1,1) type tensor ¢, 
a fundamental vector field E and a contact form 4. Let us consider a 2n-dimensional 
manifold P embedded in M with embedding i: P > M. 


Let us choose on affine normal N on P in such a way that ¢ N is always tangent 
to hypersurface and satisfy following linear transformations : 


gis X = ig fX +u(X)N ere’ 
oN = —i, U U2) 
E=1,V+AN (1.3) 
1 (ig X) = v(X) (1.4) 


where f is a (1,1) type tensor; 8D are vector field, u, v are |-forms and Aa Ce. 
function. If vu + 0 P is called a noninvariant hypersurface of M. 


From (1.1), (1.2), (1-3), (1.4) and using properties of almost contact structure 
(¢, E, 4), we have the following induced structure on P 


f2X=—-X+4 u(X)U + v(X)V 

u (fX) = Av (X), v (fX) = —n (N) u (¥), 
fu= —1(N)V, fV) = au, 

u(U) = 1 — An(N),u(V) = 9, 

y(U) = 0,v(V) = (1 — An (N)). 


+ — ee 


sve As) 
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If the vector fields E and N are distinct affine normals on P, then P has a quartic 
structure 


f4 + (1 + An(N)) f2 + An (N) T= 0. ...(1.6) 
The above equation may be factorized as 
(f2 + An(N) 1) (f2 + 1) = 0. 2(1:7) 


If we put y (VY) = A in (1.5), we have 
f?#=—-I+u@u+v@v 
fU = -2d,fV = rU 
uc f=Av,veo f = —Au 
u(U) = 1— A*,u(V) = 0 
v (U)i= 0, ¥(V) eel Aa ...(1.8) 


which is an ( f, U, V,u, v, A)—structure4. Now if we introduce a metric g onthe 
(f, U, V, u,v, A)—structure, such that 


g (U, X) = u(X), g (VV, X) = v(X) | 
& (SX, fY) = g (X, Y) — u(X) u(Y) — v (X) v (¥). 


Then above structure reduces to an ( f, g, u, v, A) —structure. 


oe ap 


2. HyYPERSURFACES OF AN AFFINELY COSYMPLECTIC MANIFOLDS 


If M (¢, E,) is an affinely cosymplectic manifold, i.e. y = 0 and v1 = 0, 
where vy denotes the covariant differentiation on M. Since Vy = O implies that yE=0, 
i.e. the vector field E is parallel with respect to y. Let D be the induced connection 


on the hypersurface P of the affine connection vy. Now using Gauss and Weingarten’s 
equations 


| aed 
Viex = ie Dx Y+h(X,Y)N : 2D) 
and 


Vigx N = iy HX + w(X)N 5.252} 


where / and H are the second fundamental tensors of type (0,2) and (1,1) andwisa 
1-form. 


Now differentiating (1.1), (1.2), (1.3), (1.4) covariantly and using yd = 0, 
Vy = 0, VE = 0 and (2.1), (2.2) and reusing (1.1), (1.2), (1.3), (1.4), we get 


(a) (Dx f) (Y) = u(Y) HX —h(X,yY)U 
(b) Dx V = XHX, Dx U = fHX + wo (X)U 
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(c) (Dx v) (Y) = Ah(X, Y), (Dx u) (Y) = —h(X, fY) — © (X)u(¥) 
(d) A(X, V) = — YA— Aw (X). (2.3) 


Theorem 2.1—If hypersurface P is endowed with (f, g, u,v, A)—structure and 
if it is an affinely umbilical hypersurface of an affinely cosymplectic manifold, it is 
totally geodesic, iff 


w = —d (log A). 
Proor : Since P is affinely umbilical, putting H = p/, (2.3)d yields 
—XX — dw (X) = v (AX) = pv (X). ...(2.4) 
Thus if » = 0, P is totally geodesic from (2.4), we get 
—-XA — dw (X) = 0. 


Hence 
XA 
o (X) = — A vin —d (log A) (X) [df (X) = Xf] 
i.e. 
w = —d (log A). 


Conversely, if « = —d (log A), we get —- XA — Aw (X ) = 0, which implies that »=0, 
since v (X) # 0. 


Theorem 2.2—Let P be a noninvariant hypersurface of an affinely cosymplectic 
manifold with (f, g, u, ¥, A)—structure. Then if the linear transformation field f is a 
parallel field, we have 


(1 — A2)2 hk (X,Y) = vu (X) u(¥) (5) 
wo = —d (log A) .. (2.6) 
where v = A(U, U), ie. P is cylindrical hypersurface. 


ProoF : Since the linear transformation field fis a parallel field, from (2.3) a, 


we have 

u (Y) u (HX) = (1 — A®) A(X, Y). os Aa 
Since h is symmetric, u (Y) u (HX) = u (X) u (HY) and putting Y = U, we get 

vu (X) = (1 — A?) u (HX). ...(2.8) 


Now from (2.7) and (2.8), we get (2 5), which shows that P is cylindrical. Further 
putting Y = V in (2.3) a, we get h (X, V) = 0, which from (2.3) dis XA = — Aw (X), 


implies » (X) = — aA nerd tog 2X. 
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Theorem 2.3—Let P be a noninvariant hypersurface of an affinely cosymplectic 
manifold with ( f, g, u, v, A)—structure. Then if P is totally geodesic, fis parallel 
with respect to induced connection. 


Proor : Since P is totally geodesic, A = 0, implies H = 0, which yields Df = 0, 
i.e. f is a parallel vector field. 


Theorem 2.4—The noninvariant totally geodesic hypersurface P with (/, g, u, 
vy, A) — structure of an almost cosymplectic manifold, the vector fields U, V are parallel 
vector fields, if A is constant. 


Proor : Since P is totally geodesic, we have w = —d (log A). If A is constant 
» (X) = 0. Now from (2.3 b), we get DU = 0 and DV = 0. 


3. NorMat (f, g, u, ¥, A) —STRUCTURE 


An (f, 8, 4, ¥, A)—structure is said to be normal if the torsion tensor S of f 
satisfies 


S (X,Y) = N (X,Y) + du (X,Y) U + dv (X,Y) V =0 ... (3.1) 
where N is the Nijenhuis tensor, and 

du (X, Y) = (Dx u) (Y) — (Dy u) (X) 

dv (X,Y) = (Dx v) (Y) — (Dy v) (X), 


Theorem 3.1—The noninvariant hypersurface P with (/, g, u, v, A)—structure of 
affinely cosymplectic manifold is normal, if f commutues with H and w = a’y. 


Proor : The Nijenhuis tensor N of J is given by 
N (X,Y) = (Drx f) (¥) — (Dry f) (X) — f (Dx f) (Y) 
+ f (Dy f) (X). ai(3.2) 
Using (2.3 a), we get 
N (X, Y) 


u (Y) (Hf X — fHX) + u (X) (fHY — HfY) 
+2 (2a ro A) — & (Hf X, Y)) U. 


Now from (2.3 c), dv = 0 


I 


and 


du (X,Y) = —h(X, fY)—¢ (X) u (Y) 
; ws +h(Y, (xX 
Now putting fH = Hf and » = a’ u in (3.1), yields S = : 1ST ROG: 
Theorem 3.2 


—If the hypersurface P it 
have rane 


u, v, A)—structure is normal, we 


m (N (X, ¥) + (1 ~ 22) d 2 (x, ¥) = 0 (3.3) 
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N (X,Y) + 22 N (X,Y) = 0 ...(3.4) 


(1 — A2) (dx (X, Y) + dnt (X, ¥)) + 42 (N(X, T) + N(X, Y)) = 0 
...(3.5) 
where 


X = fX anda = 1,2; y1 = u, 72 = y, 
Proor : Operating (3.1) by 1%, we get (3.3). Barring (3.1) twice and using (1.8), 
we get 
N (X, Y) — 22 {du (X, Y) U + dv (X, Y) V} =0. ...(3.6) 


Now multiplying (3.1) by A2 and adding with (3.6) we get (3.4). Barring X, Y in (3.1) 
respectively and adding them, we get 


N (X,Y) + N(X, Y) + (d 04 (X,Y) + dy (X, Y)) Ea = 0. 
Operating the above by »”, we get (3.5). 
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In this paper O-distributivity in a partially ordered set (poset) is defined. 
Some cquivalent formulations for O-distributivity, in poset, are obtained. It 
is shown that o-distributive poset is a generalization of pseudocomplemented 
poset. Mainly, we prove the following : 


Theorem— For a O-distributive poset P, the set of all annihilator ideals, 
A(P), is a Boolean algebra. 


1. INTRODUCTION 


Venkatanarasimhan® has defined pseudocomplemented partially ordered sets 
(posets). He proved that a poset P with O is pseudocomplemented if and only if (a]* 
is a principal ideal forevery ain P. But it is observed that for (a]* to be an ideal (in 
the sense of Venkatanarasimhan®, it is necessary and sufficient that, P is O-distributive. 
Also the purpose of this paper is to extend some of the results of Pawar? to partially 
ordered sets. Note that the definition of O-distributive semilattices given by Pawar? 
is different from that given by Varlet4. 


In section 1 we collect some known results and definitions which are used in 
subsequent sections. Section 2 deals with the definition, examples and several pro- 


perties of O-distributive poset. In the concluding section annihilator ideals in a O- 
distributive poset are studied in detail. 


2. PRELIMINARIES 


P denotes a partially ordered set with the ordering relation <. For a finite set 
A = {a1, a2, ... dn} the least upper bound (1.u.b.) and the greatest lower bound (g.e.b.) 
of A are denoted by ay V az V ... Van and a1 A a2 / ... A an respectively. The 
least and the greatest elements of a poset, when they exist, are denoted by O and 1 
respectively. A non-null subset A of Pis called asa semi-ideal ifa € A,h< a> 
b E A. A semi-ideal A of P is called as an ideal if the least upper bound of any 
finite number of elements of A, whenever it exists, belongs to A. This definition of an 
idealin a poset given by Venkatanarasimhan} is different from that introduced by 


Frink?. Set inclusion, set intersection and set-union will be denoted by C A and U 
respectively. = 
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An element a of a poset P with O is said to have the pseudocomplement a* in 
P if there exists in P an element a®* such that (i) (a] € (a*] = (0) and (ii) if (a] A 
(5] = (0] for 6 in P then (b] C (a*] A poset P is said to be pseudocomplemented if 
each of its element has a pseudocomplement. An element a of a poset P with 0 is 
said to be dense if (a] ( (b] = (0] > 6 = Oforb € P. Theset of all elements x of P 
such that x < a for some fixed a in P forms an ideal of P. It is called the principal 
ideal generated by a and is denoted by (a]. 

We need the following lemmas in sequel. 


Lemma 1®°—The set / of all ideals of a poset P with O is a complete lattice under 
set inclusion as ordering relation. 

Lemma 2°—In a poset P a finite join a1 V a2 V ... Van exists if and only if 
(a] V (42] V ... V (an] is a principal ideal. Also whenever a, \ ... \/ an exists 

(41 V ... Van] = (a3) V (a2] V ... V (an] 
(V denotes the join in /,). 

Lemma 3°5—In a poset P with O the pseudocomplement a* of an element a 
exists if and only if (a]* = {x € P/(x]  (a] = (0]} is a principal ideal. Further when- 
ever a* exists, (a]* = (a*]. 

Lemma 48—Every distributive lattice with O (semilattice with O) is a O-distri- 
butive lattice (semilattice). 


Lemma 5—Every pseudocomplemented semilattice is O-distributive. Throughout 
this paper the symbol P denotes a poset P with O. 


2. O-DISTRIBUTIVE PoseTs 
We begin with 


Definition 1—A poset P is called as a O-distributive poset if for a, x1, ... xn € P 
(n finite) 
(a] 1 (xt] = (6) ¥ i, 1 Si < nimply (a] N (x1 V ... Vxn] = (0) 
whenewvr Xi V X2 V ... V Xn exists in P. 
Remark : It is clear that our definition concides with the definition of Pawar? 
in a semilattice. 


Examples of O-distributive posets are given in the following figures. 


og 
MA ve 
eo oF € | 
£ Ooo 
ea. i od A aie 
Brea sh ge 
c ) 


806 Y. S. PAWAR AND V. B. DHAMKE 


Examples—Note that every poset with O need not be O-distributive. The fol- 
lowing is an example of a non-O-distributive poset. 


Example—In a poset P define 
{a}* = {b © P/(a] M (5) = (O}}. 
We characterize O-distributive poset as 


Theorem 2—Poset P is O-distributive if and only if {a}* is an ideal for any a in 
FP. 


Proor : Obviously in any poset {a}* is a semi-ideal. If for x1, ..., xn (n finite) in 
{a}*, x1 V ... VXn exists then by O-distributivity (a] M (x1 V ... Vxn] = (0] proving 
that x1 V x2 V ... Vxn € {a}*ie. {a}* is an ideal. Conversely, if {a}* is an ideal 
then by the definition of an ideal, O-distributivity of P follows. 


For any subset A of P If we denote A* = {x € P /(x] A (a] = (0] for all 


a € A}. Then obviously A* = () {a}*. As arbitrary intersection of ideals is an ideal 
aEA 
we get. 


Corollary 3—P is O-distributive if and only if A* is an ideal for any A C P. 


By Lemma 3, it follows that P is pseudocomplemented if and only if {a}* isa 
principal ideal. Hence by Theorem | we get. 


Corollary 4—Every pseudocomplemented poset is O-distributive. 


The above corollary establishes that fact that O- distributive poset is a generali- 
zation of pseudocomplemented poset, as every O-distributive poset need not be 
pseudocomplemented. This is shown by a poset represented in the following figure. 


~~ ee 
\F= 


13) 
Fic. 4. 


O-DISTRIBUTIVE POSETS 807 


While generalizing the concept of disjunctivity to posets Venkatanarasimhan® 
defined disjunctive poset. Poset P is called disjunctive poset if a # bin P implies the 
existence of c in P such that (a] ™ (c}] = (0] and (4] 1 (c] + (0). 


O-distributivity and disjunctivity are completely independent in a poset. This is 
cited by the following posets. 


Example—Example of a poset which is O-distributive but not disjunctive. 

1x] dL 

NW i 
O5 


Fic. 5. 


ou 


Example—Example of a poset which is disjunctive but not O-distributive. 





Fic. 6. 


Example—Example of a poset which is neither O-distributive nor disjunctive. 


Fic, 7. 


Every distributive lattice with O (semilattice with O) is O-distributive (see 
Lemma 4). Hence to keep up such a linking for posets, we define. 
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Definition 5—A poset Q is called as a distributive poset if (a] M (b] € (c] 
(a; b} c E€ Q) implies the existence of x, yinQx >a,y > b such that (x] M (9] 
= (c}. 

Theorem 6—Every distributive poset with ‘o’ is O-distributive. 

Proor : Let P be a distributive poset with O. Let a, x1, x2, ..., Xn (n finite) be 
in P such that (a] M (xt] = (0) ¥ 1 <i <n. Suppose that x1 V x2 ... V xn exists 
in P. 

Now, (x1] 2 (x2] M (a]. Hence by distributivity there exist y2 >1 x2 and y1 > a 
such that (x1] = (1)  (y2]. As (1] D (91] 1 (y2] we get 

(¥1] D (Maj ie. v1 > x1. 
Further, (x1] D (xr] ™ (a]. Hence by distributivity there exist yr > x; and z; >a 
such that 

(x1) = Or] O (2). 


Thus we get, ¥1 > x1, yo > Xa, ...... » Jn 2 Xn. Since the set of all ideals, Ju, isa 
lattice (Lemma |) 
Cat OY Wal CY re Oa) CAE Viral Vv ae V (xn] 


= (x1 V ... VXa] (see Lemma 2). 
Hence 
(a) 1 {01] 0 (2) 1 -. (a D (QM {xl V (X82) V ... V (xn}} 
which in turn proves that 
(a) M {(%1] V (x2) V ... V (xu]} = (0). 
Since (a] ™ (y2] = (0). 
Hence (a] M (x1 v x2... V xn] = (O] i.e. P is O-distributive. 


Venkatanarasimhan® proved that for any poset /u isa complete lattice. (See 
Lemma |). For Iu to be pseudocomplemented we prove. 


Theorem 7—P is O-distributive if and cnly if /, is pseudocomplemented. 


Proor: Let P bea O-distributive poset and A € Ju. By Corollary 3 A* is an 
ideal in P. We claim that A®* is the pseudocomplement of A in P. Clearly, A(\A*=(0] 
If there exists Bin J, such that AQ B = (O] then BC A*. Forbe B implies that 
(a] M (5) = (0] for every ain A. This proves that Ju is Ppseudocomplemented. Con- 
versely, let J, be pseudocomplemented. For @1 X1, X2 ... Xn (n finite) in P wishes 
that (a] M (xi] = (0) fori Si<n. Assume that x1 V x2... Vxn exists in P. B 
assumption, (x1] C (a]* n, and hence (41) V (x2] V ... VV (Xn) C (a]* But by et: 
2, (x1] V (xe] V ... V (xn] = (x1 V xo V ... Xn]. Hence 
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(x1 V x2 V ... VXn] C (a]* proving that (x1 V ... Vxn] 1 (a] = (0). 
Therefore P is O-distributive. 


Corollary 8—When P is a pseudocomplemented poset /, is pseudocomplemented. 
As we know that every pseudocomplemented lattice is O-distributive (Lemma 5) 


one more generalization of O-distributivity is obtained. This is given in the following. 


Theorem 9—P is O-distributive if and only if J, is O-distributive. 


Proor: Let Ju be O-distributive. Let x1, x2, .... xn be in P such that 
(xi] © (a] = (0] for every i, 1 <i <n. Assume that x1 V x2 V ... V Xn exists in P. 
As (x1] AO (a] = (0, ... (xn] AM (a] = (0) in Zu and J, is O-distributive we get 


(x1] V (x2] V ... V (xn) 1 (a] = (0). But by Lemma 2 
(x1] V (x2] V |. V (xn) = (41 V x2 V ... Vn). Hence 
(x1 V x2 V ... VXn) 2 (a) = (0) 
which in turn proves O-distributivity of P. Conversely, let P be O-distributive. By 


Theorem 7, J, is pseudocomplemented. But every pseudocomplemented lattice being 
O-distributive (see Lemma 5) J» is O-distributive. 


A poset Q is said to satisfy the ascending chain condition if any increasing chain 
terminates in QO ie. ifxi1 € P,i=0,1,2,... and x3» Sx <... <& Xn ... then for 
some on we have Xm = Xm,1 =.....-.- 


Clearly, in a poset satisfying ascending chain condition every ideal is principal. 
Using this we prove. 


Theorem 10—Every O-distributive poset satisfying ascending chain condition is 
pseudocomplemented. 


Proor: Let P be O-distributive poset satisfying ascending chain condition. 
For any a in P, (a]* is an ideal in P, by Theorem 1. As P satisfies ascending chain 
condition, (a]* is a principal ideal. Hence P is pseudocomplemented. (See Lemma 3). 

A sufficient condition for (a]* = (b]* in a O-distributive poset for a + bis 
stated in the following. 

Theorem 11—If a and b are the elements of a O-distributive poset such that 
(a] ©) (dj = (4) M (4) for some dense clement dEE P then (a]* = (5]*. 

Proor: (aJ** = (a]** OP = (a]** - (d)** (d any dense element in 
P) = {(a] 1 Cali** = (8). 0 Cali = I 0 aI* = COI P= CYP". Hence 
(a}* = (0)*. 

A property of the set of dense elements in a O-distributive poset is investigated 


in the following. 
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Theorem 12—In a O-distributive poset P if {0} # A is the intersection of all 
nonzero ideals of P then A* = P — D where D is set of all dense elements of P. 

Proor : A+{0} implies that {x}* 4 {0} for any x in P. ie. x ECA* > xE P—D. 
Hence A* C P—D. On the other hand, P being O-distributive, {d}* is a non-zero 
ideal of P for every d & D. But A C {d}* implies A* D d**. But d € {d}** implies 
d € A*. Thus P—D C A*. This proves that A* = P—D, 


3. ANNIHILATOR IDEALS 


In this section we deal with annihilator ideals in a O-distributive poset. 


Cornish! has defined annihilator ideal in a distributive lattice. On the same lines 
we define annihilator ideals in a O-distributive poset, as follows. 


Definition—An ideal J of a O-distributive poset P is called an annihilator ideal 
if J = J** i.e. J = S* for some subset S of P. 


The collection of all annihilator ideals in a O-distributive poset P is denoted by 
A (P). 


Theorem 13—For a O-distributive poset P, the set of all annihilator ideals A(P) 
forms a Boolean algebra. 


Proor : For J and J in A (P) define 
ITAJ=IQN JandIVJ = (I* 1 J*)*. 


(i) As J = 7** and J = J** we get 7 (1) J is the g.1.b. of J and J. Further Chi 2? 
2 (0 Jjand/C I**, JC J** implies (JQ J) C 1** AQ J** proving that7™ J 
= (70 J)** ie. 7 Jisin A(P). Hence/ (\} J € A (P) for J, Jin A (P). 


(ii) Again I, J € A(P) > 1C (1* J) J*)* and C Phas Orel) eae a Mea eT dg 
for some K € A (P) then /* D K*, J* D K* will imply 7* 1 J* > K* i.e. (I* CQ J*)* 
C K** = K. But then this shows that (/* 1 J*)* is the lub. of Jand Jin A (P). 
Hence] V J E A (P). 


- 


From (i) and (ii) we get <A (P); A, V > isa lattice. 


Since (0] = P* and P = (0]*, (0] and P are the elements of 4 (P). Further (0] 
and P are the least and the greatest elements of A (P). 


Thus A (P) is a bounded lattice. 


Next we show that 4 (P) is complemented. Let ] € 4 (P). Then obviously 
I*€ A(P). Furth *— 
+ Further 7 V J* = (J* ¢) ]**)* = (7* CQ 1)* = (0]* = P and IQ /* 
= (0] show that /* is the complement of / in A (P). 


It only remains to show A (P) is distributive th 
at, for /, J, 
to show that or /, J, K € A(P) we have 
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IVVJAK)=(U VI) ACY R) 
Bul! V(JA K)<(UV J) A (UV R)is true always. 
Hence we have to only prove that 
Bette? TOF) Cut AT A ID igh 
To prove this we need to prove the following set inclusion 
eet oe) AC hl* 4 \ (7 ry Ky. 
let /,J,K € A(P). NwI1 0 KC IC [I*o (1 K)*}*. 
Similarly J KC [I* MN (J 9 K)*}*. 
Now/1 KCU*1 (J 0 K)*]* > 70 KN [I* A (V2 K)*]** = (0] 
thatis7O KN U* 1 (JO K)*] = (0). 
Silimarly JM KO [J* 0 (J 0 K)*] = (0] 
thatisJ O [KM I* 1 (JQ K)*] = (0). 
But this imply 
[KO I* V1 (J 0 K)*] C J*. Similarly 
ee iA). SF 
ateeieee UY Gs 115) *) Gl (\-J* 
=([KN IAIN KIN U* 0 J*)* = (0) 
that is 7* 1 (J K)* N [KN (/* 0 J*)*) = (0] 
woh ta (for) 3°). C [l® 2 (J. ¥)*)* 
hecte es) fy Ak C LF ry (0 AK) 7" 
i.e.(1 V J) A K < IV (VJ A K) providing that A (P) is distributive. 


Thus A (P) is a complemented, distributive, lattice and hence a Boolean algebra. 
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The concepts of Banach limits and almost convergence of functions have 
been discussed respectively by Raimi® and Tien-Kung Ho‘. The purpose 
of this paper is to introduce the continuous analogue of (Z, p) summable 
sequences, Several properties of such functions including their relationship 
with almost convergent funciions are discussed. 


INTRODUCTION 


Let E be a Banach space of measurable essentially bounded real-valued functions 
defined on the real line R with the norm ||/|| = ess. sup { | f(x) |: x © R}and let L 
be the class of functions Lebesgue integrable in every finite interval. That E and L 
are actually made up of equivalent classes of such functions will be ignored in the 
sequel. Forc€ Randf € E we define fc by 


fe (x) =f (x +c). 


We assume that F contains a]l bounded uniformly continuous functions and the 
functions fe for each f € Eandc € R. Let e denote the constant function defined by 
e (x) = 1 forall x € R. 


Let E* denote the conjugate space of E. Anelement ® € E* is said to bea Banach 
limit (see Raimi8) if 


| ® || = 1 

®(e) = 1 : 
and 

DP (fe) = O(f) forallfE Eandc E R. 


This is the continuous analogue of Banach limits for bounded sequences (see Banach! 
and Lorentz’), 


It has been shown by Raimi8 that if fis a bounded uniformly continuous fun- 


ction, then all its Banach limits coincide and equalto lim f/f (x)t. 
x 0c 





Tin the sequal «, x + oo in the limits. 
*On leave of absence from Indian Institute of Technology, Khargpvr 721302. 
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For each « > 0 and x € R we define the operator T, by 


{ £@) (a = 0) 
Geet 
yo oc 
f@) il rma (x > 0). 
L Zz 


Let F denote the set of all almost convergent functions, that is 


F={fE€E: lim T, f(x) exists unitormly in x}.+ 
a—-> oo 


This has been discussed by Raimi® and Hé4. Note that F is the continuous 
analogue of almost convergent sequences [see Lorentz?]. [t has been demonstrated 
by Raimi® that if f € F, then all its Banach limits coincide with lim 7, f (x). 

a 


We now introduce the set 


S.={fEL: lim T,f (x) exists for fixed « > 0}. 
x7>o 


It is obvious that 
So ={fE€L: lim f (x) exists}. 
xz 


It should be noted here that 7, / (x) is a special case of the functional Nérlund trans- 
form of f (t + «) generated by the function 


1(0<t<a) 


= Am ¢ | 
P(t) a a (1) 


Although the general functional Nérlund methods have been discussed by Knopp and 
Vanderburg® and Knopp‘, but still there is scope for considering the special and intere- 
sting method defined by (1) which has so far not been studied. The series analogue 
of this special method has been discussed by Silverman and Szasz9, Hill and Sledd? and 
Das?. If f © S.is such that JT. f (x) > sas x > ce for fixed «, then we sometimes 
write this as f (x) > s(S:). It should be remarked here that f could be in S, even if 
it is not essentially bounded and is merely integrable in any finite range, whereas it 
should be essentially bounded in order to be in F. 


We define the set 
|S.|={feE L: Tx f (x) © BVz for fixed «}. 


Then 
| So] ={fE L: f() € BV}. 


It is obvious that | Sa | C Sa for every « > 0. 


If we write 


In the sequal a, x + o in the limits. 
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« 


= {fe Lz: are AA on ee <r J £0 de exists | 
0 


then it is obvious that F C Cy (1) E. 


The purpose of the present paper is to study the properties of the sets Sx, and 
| Sx | only. 


THE RESULTS 


Theorem 1—The translation of the argument of f has no influence on its genera- 
lised limits, that is, for a constant c > 0, 


f (x) > s (Su) <> f (x +c) > 5 (Sx), a > 0. 
PROOF : Let 


THe 


Tf) = | setoae 


x 
Hence 
Te f (x +0) = Te f(x) 
and this proves the theorem. 
Theorem 2—Sy) C Sx forevery « > 0. 
| So| C | Su | for every « > 0. 
Proor : Since, for given e > 0 and for x 2x0, If (x)—s|<e 
implies 


War x * 
| rl ferod—lst[lpetn—s dt<e 
0 


0 





it follows that So C Sx. In fact 


So = () Se. 
*20 


It is easy to verify that 


x 


ToS (2) = Taf) + =| (Fe + 0) —F Opat. (2) 


0 


FUNCTIONAL LIMITS 815 


Thus it follows from (2) that f (x) > s (S.) if and only if 
AA) 


; 
J {f(t +a) —f(t)} dt+a(s — Ty f(0)) as x > o, 
[t follows from (3) that the definition of | S, | is equivalent to 


TIPS @+ a) — FW) | dt < 0 (@ > 0). 


If we write forg € L, f (t) = j g(u) du, then 
0 
co co « 
JAF + =) — F(t) | ae ae eee Dew tures) aie] 
<fdu lf |g@+o ids 
0 0 
<fdu Tle) |dt 
0 0 


| df (t)| 


o—78 


Sie 
0 
< «V(f) < ©. 


This shows that | So | C | Sa | for every « > 0. In fact 
| Sol = Q | Sul. 
aZ70 


Theorem 3—If Tx f (x) > sand Te f (x) > s’ asx > co, thens = s’. 
This follows from Theorem 2 and from the fact that 


PROUF : 
Ts (Taf (x)) = Ta (Tx f (x). 


Because of Theorem 3 the statment Sp C S, means that if f(x) > s (Sp), then 


f (x) 2 5 (Sx). 
At this stage we make a conjecture : 


Conjecture 4—Sa 1 E C F. 


We now prove : 
Theorem 5—S« C Ci (« 2 9). 
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Proor : If « = 0, the theorem is obvious. Suppose now thatO <<a Q1. We 


write N = [x]. Then ; 
Lf you = ae + [)roa 4) 
0 0 Na 
Now 
Nau nm-1 « 
| fat = [se + ra) dt. 
0 r=0 0O 


Without loss of generality we take s = 0. Hence by hypothesis 


6, = 2 f (t + ra) dt > Oasr > co 


a 


oR 


and so 


N-1 
l 
WNW 6r ~0 as N > oo, 
r=0 


N 
Since —— > 1 as X > co we get 
Na 


l 
ae f(t) dt + 0 as x > oo, .-.(5) 


ou, 


Now we have to show that 


| f(t) dt +0 asx > c0, \ --.(6) 
Na 


If« = 1, then (6) obviously holds. If0 < « < 1, we have 


IM: 


] F i 
3 | fOae + | f+ lat Dayar 
Na 0 


2 


J 


f (t) dt cA CF) 


u 
x 


“f 


[T]a+ma 
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where m is an integer such that 


[x}Ja+ma<cx< [x]}ao+ (m+ l)«. 
Clearly 


Bo 


es [ rat = o ( 


[z]a+ma 


=) =o0/(l1), as x + co. aia} 


Since T, f(x) — QO as x —~ oc, choose e > 0 and mo such that, for r > mo 


f f(t+bJa+(r —-— l«)dt<e. 


Hence 


« 


S: | f+ bet Daya 


x 


r=1 0 
=A 25 )fretere+o- nod 
r=1 r=moptl 0 


= o(1/x) + o (m/x) = 0 (1). 


Now the theorem follows from (4) — (8). 


When « > 1 the theorem can be proved similarly. 
On the contrary, we have 


Theorem 6—For« > 9, 
fEa> Taif.(x) = o (x). 


Proor : It follows from (2) that 


r Taf (x) = fet) —f) 


almost everywhere. Hence 


(00 a a {rete - 0 + Ta f(t) } at 
0 0 


(equation continued on p. 818) 
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-[s0toa— am ( T. f(t) dt 


0 
= ie (t + a) dt — a {Taf (x) — Te f (0)}. (9) 


It follows from (9) that when f € Cj, then 
Tx f (x) — Tx f (0) = 0 (x) 
and this completes the proof of the theorem. 
The following theorems give inclusion relations for S.. 
Theorem 7—If « is an integral multiple of 8, then Sg C Sx. 


PRoor : Suppose that « = m8 where m is an integer. We exclude the cases when 
8 = 0 or « = B which are trivial. Now suppose that f € Se such that f (x) > s(Sg). 
We have 


ares 


Ta f (x) = =| f(t) at 


, m z24rB 
Swe [soar 
=1 2+(r-1)B 


m 2+8 


a S(t + (r — 1) B) dt 


ao 
r=] 


(by Theorem 1 and the hypothesis). Hence SE Sa. 
Theorem 8—(i) Sy O Spa Cc Sa4B 
(ii) Se M Sp C Su-p(a > 8). 


PROOF : We have from Theorems | and 3 that 


T+e4Bo vee %4+x48 
+) Tose) =(f+[ 4 |) se@a 


x x L+H 


> as + Bs 
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and this proves (i). It is easily verified that for « > 8 





Tea B 
ei EF WC) Vay? op aes | 
Eye Tab eka | f(t + 8) dt. ...(10) 


zx 


Now suppose that f (x) > 5 (Sg). Hence by Theorem 3 the left hand sideof the ex- 
pression in (10) converges to 
as — Bs 
a - 8 
Now by Theorem | it follows that f (x) > s (S,_g) and this completes the proof. 


Theorem 9—Let «, B > 0 be such that « = ps, B = q8, and p, g are positive in- 
tegers with (p,q)= 1. Then S, \ Spe = Ss. 


PROOF : Suppose that f€ Ss. Then by Theorem 7, f € Sps = Sy and f € Sas 
= Ss. Hence f € Sz ™ Sp. We have now to show that Sx Se C Ss. Choose 
positive integers h and k such that ph — gk = 1. Hence 3ph — Sgqk = ah — Bk = 8. 
Now suppose that f € Sx M Ss. Hence by Theorem 7. 


f € Sz C Sur andf€ Sec Spe 
and by Theorem 8, 

f © Syaree = Sx. 
This completes the proof. 


Remark : It may be observed that the results of Theorems 7, 8 and 9 remain 
true if the set S. is replaced by | S: |. 
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The concept of a*-families has been introduced by Kapoor and Mishra! 
and Mishra?. In this paper some new results for functions in a*-families 
with negative Taylor coefficients have been obtained. These results include 
coefficient characterization theorem, coefficient estimates, identification of 
extreme points and chaiacterization for connectedness of a*-families. 


1. INTRODUCTION 


Let GY denote the class of functions f analytic in the unit disc E = {z: | z| <1}, 


. . bead 
safisfying f (0) = Oand f’ (0) 4 0. For/f (z) = = ax z* and g(z) = 55 be z* the 
k=1 k=1 


Hadamard product f * g of f and g is defined by (f* g)(z) = 3 ak be z*, Note 
k=1 
that f « gis alsoin]. 


Definition 1\—Let s and g in & be given by 


oa ) 
s(z)= 3 cez*,a >Ock>g | 
k=1 ! 
. k= 2,3... el a 
g(z)= = dez*, dy >0,de>0 
k=l J Paes 
with 
(ck]e1) — (deJdy) > Ok = 1, 2, 3... 8 eH 


We denote by F(s, g, «), OS a (c1/d1), the class of functions f in H satisfying 


(g * f) (2) #0,0<|z] <1 -».(4) 
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and 


_(s*f) (z) 1 
Re | —: ets [ae * EE. ae {9 


| Definition 2—Let q given by 
oe 
g(z)=1+ = ex zk-1 ...(6) 


be analyticin E We denote by F(s, g, «, g, zo), zo real, O < | zo | < 1, the class of 
functions f in F (s, g, «) satisfying 


(4 : a) (20) = |, 0) 


If Bis a subset of — 1 < z< 1, z #0, then F(s, g, «, gq, B)standsfor WU 
ziGB 


F (s, g, «, 9, zt). Further, we denote by F[s, g, «] (respectively F [s, g, %, 9, B]) the 
class of functions fin F (s, g, «) (respectively in F (s, g, «, g, B)) given by the series 


co 
f(2=a2— 2 aez, a> 0, k = 1, 2,3... ..-(8) 
k=2 


The class F(s, g,«)is introduced and studied in Kapoor and Mishra* and 
Mishra? where it is called an a*-family. Suitable choices of the touple give us many 
familiar families related to univalent functions. For example : 


(a) F Sea : irs «| is the class of starlike function of order «. 
f z(i + 2) Zz , : f 
(b) F (Cieeeey a a} is the class of convex functions of order «. 


z Zz ; . ‘ 
(co) FF leieee De a eae et he is the class of functions starlike with respect to 


symmetric points and of order « (Sakaguchi®). 


(d) F( ara AT ) is an extensively studied subclass of close-to-convex fun- 
ctions. 


Z yA pe 5) . - ‘ 
(e) F ( Tay : (= zed pei? 1) n = 0, 1,2, ..., is a class of functions studied 


in Goel and Sohi!. 


Ficm.. Ne Leh ok Le Sr < is the class of prestarlik 
(f) F( p20)? pure) ,4),0 « < 1, isthe class of prestarlike 


functions of order « Ruscheweyh?. 
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(g) r( 71 i a AY. ) is the class of functions for which Re { f(z)/z} > «. 


1 J ] 


then F (s, g, x, 9, Zo) is the subclass of functions f in F (s, g, «) satisfying f (zo) = Zo 
(respectively f’ (zo) = 1). Finally, let G be a family of functions analyticin E. A 
function f in G is said to be an extreme point of Giff # tg + (1 — t)gofor0< t 
< 1 and any pair of distinct functions g1 and gz in. 


Silverman®’? first studied the particular a*-families 


Zz z z{1l + Zz) =<. | 
Brees peer el Grae (i— 22° * 
Z Zz 


z ] Zz 
Fl gap Mepis a |.F[ a l1—z ’ 


| 
a, (1 = zj2 > ZO ] 








z(1l +2) Zz l 

Lira ae? * (eae ae ae Jeng 
z(1 + z) Zz ] 

‘ (1 - zs ° (l— zp?” eS oe +20 


and determined their extreme points. Subsequently Silverman and Silvia8 have also 
investigated the a*-family 


Zz Zz 
a la — zje(i-s)r1 (] — 220-9)” * : | 


and have determined its extreme points. In recent years there has been extensive 
study in the determination of extreme points of families of functions with negative co- 
efficients. Kapoor and one of the present authors?’s- have determined the extreme 
points of any a*-family F [s, g, a]. Inthe present paper we determine the extreme 
points of F [s, g, «, q, zo] for arbitrary choice of the touple (s, g, %,q, zo). We also 
show that if B is a subset of (0, 1) then F[s, g, a, q, B] is a convex family if and only 
if B is connected. We determine the extreme points of F [s, g, «, q, B) for connected B. 


2. EXTREME POINTS OF F [s, 2, «, g, Zo] 
We need the following theorem trom Kapoor and Mishra? (also see Mishra®). 
Theorem A—Let {cx} and {dx} be sequences of non negative numbers with c; > 0, 


dy > 0, (ck/c1) — (dk/dy) > 0 and let 0 S * < (cy/d,). Then a function f given by (8) 
is in F [s, g, «] where s and § are as in Definition 1 if and only if 
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i 048 


, (ck — adk) ak < ay (cy — adj). neil?) 


The next theorem, a direct consequence of Theorem A, is useful for further in- 
vestigations. 


Theorem \—Let s, g and « be as in Theorem A, Zo be a real number such that 
0 < | zo! < 1 and let qg(z) be as in Definition 2. Then the function f(z) = 412 


co 
a ee zk, ak 2 0, k= 1, as 3, Be | Bh) os [s, &,%, 4, zo] if and only if 


ck — adk EA 
> ( ae aeee, ek ) ak <1. ...(10) 


Proor : Observe that f(z) satisfies the condition (7)if and only if a1 = | 


k-1 


a Qk ek Zo. Now, substituting this value of a1 in (9) the result follows. 


Ms 


ll 
nN 


See that each term in the summation in (10) in nonnegative. This can be seen 
using (3) and the condition0 <2 < (ci/d1). 


lo e) 
Corollary 1\—Let f(z) = a1z — % akz*,ak > 0, be in F [s, g, %, 9, Zo] where 
k=2 
s, Z, %, g and Zo are as in Theorem 1; Yhen 


C= ad 


ae — —<—<$— o_O (AN) 
(ck — adk) — (c1 — ady) ek Z, 


with equality for 
(ck — ade) z — (cx — %41) 20 


(ck — adk) — (C1 — ad1) ek si 


fe(z) = 


F [s, g, % g, Zo] is a convex family. For, if f and g are in F [s, g, «, 9, Zo] and 
0 <A < 1, then the function Af + (i — A)g satisfies the coefficient inequality (9) 


and the condition Ci). 
Theorem 2—Let the touple (s, 2, %, > zo) be as in Definition Ya 
Set 
fi (z) = 2 


and 
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fe (z) = _ (cx — ade) z — (1 ~ 2dy) 24 jee 2.13756 (12) 


(ck — adk) — (c, — ad) rae 


Then, a function fis in F [s, g, %, q, zo] if, and only if it can be expressed in the 


oo co 
form 2% Ax fx (z) whereAx >Oand & Ae = 1 
k=1 km 1 


co co 
PRroor : Suppose f(z) = & Ax fe (z) whereAk >Oand DY Ae = 1. 
k=1 km 


Then, 
f@= [as i. Ak (ck — «dk) : | . 
k=2 (ck — adk) — (c1 — ad) ek Zo ee 
co 
in Y (cy — ad,) z* 
k=2 (ck — adk) — (cy — ud) ex rig 
f co 
We note that (Z. ) (zo) = SS Ak (4 phe a) (Zo) = DS Akt = 
i al k=] 
Also, 
co Fol 
(ck — adk) — (cy — ad) ex Zo 
eee tana dee OE ae pee Sel 
> (cy — ad) At 
k=2 
(cy — ad) 
(ck — adk) — (cy — ady) ex ait 
co 
= tah Ak = 1-21 <1. Hence fis in F [s, 2, «, q, zo]. 


Conversely, su tis hae Pea Ge t= 
y ppose that f (z) 4 = ak 2* is in F [s, g, a, q, zo]. For 
k= 74 a teey write 


(ck — odx) — (c1 — ady) ex an ak 


Ak = a eee 
(C1 — adj) 
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and 


Observe that by Theorem 1, Ax > 0, k = 2, 3, ... and = Akt < 1. Now f(z) = 
Ak fk (z). 


From Theorem 2 it follows that the extreme points of F [s, g, «,q, zo] are pre- 


cisely, the set of functions { ips where fx are defined as in (12). 


3. Tue Famity F's, g, «, g, B] 


In this section we determine the extreme points of F[s, g, «, g, B] for a connected 
B. We have the following 


Lemma 1—If f € F[s, 8, %, 9, z0) © F [s, g, «, g, 21] where s,g,~, andq are 
as in Theorem 1 and Zo and 2; are distinct positive numbers then f (z) = z. 


[oe] 
Proor : Let f(z) =z— 2 akz*, ak > 0. Then we must have 
k~2 


co co 

>i k- 
+> ak ek 2,7 =] + ak ek Faye 
k=2 k=2 


But this means that ax = 0 fork > 0 


Theorem 3—If B is contained in the interval (0,1) then, F[s,g, «, 9, B] is a 
convex family if and only if B is connected. 


Proor : Let B be connected and let zo and z, bv in Bwith zo <2. Iff (2) 


Co 
= az — 3 ax 2* isin F [s, 2, %, 9 Zo] and g(z) = bz - foal bz z* isin F [s, g, 
k=2 
a,g,zjand0 <A<1, then we shall show that there exists a 7, in B (zo < ze < 21) 


such that f(z) = Af (2) + (1 — A) g (z) is in F[s,g, %, 9, 22]. Note that the coeffi- 
cients of h (z) satisfy (9). Now, write, 
loa) 
far i (+ +4) (zo) =Aa + (1 — A) by — > ak ek 2*-1 
k2 


(equation continued on p. 826) 
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io 2) oo 

—(1 — n> be ex 2-1 = 1 +4 > ax ex ( 25 — 2k-1) 
k=2 k=2 
co 

+ (1 — n> bk ek ( 4 — zk-1 le 


k=2 


Observe that ¢ (z) is real for real z and t (zo) > l and t (z1) < 1. Hence there exists 
a 22, 20 < 22 < 21 such that ¢ (zg) = | and it follows that h (z) is in F [s, g, «, q, Zo). 


Conversely, if B is not connected we can choose Zo, Z1 in B and ze hot in B with 
Z0 < Z2 < z1. Assume that f and g are not both identity functions. We write t (A) 
= t(z,A) = (A f(z) + (1 — A)g (z))/z) *q (z) as above where 0 <A€1. Now 
with Ze fixed, ¢ (zz, 0) > | and t (zo, i) < I, Hence, there exists a Ao, 0 < Ay < 1 
such that ¢ (ze, Ao) = 1 and it follows that h(z) = Aof (z) + (1 — Ao go) is in 
F [s, g,%, 9, z2]. But then, by Lemma }, F [s,g,2,9,B] is not convex. 


Theorem 4—Let [z0,z1] C (0, 1). Then the extreme points of F [s,g,«, qg, zo] are z 


fe (2) = ___ (ck — ad) z re hey ce ae ee™ |p 
(ck — adk) — (cy — adh) ex rr 
= Pee ERS 


gk (z) — (ex —= adk) z— (cy — ad;) zk 


(ck — adk) — (cy — ody) ex iar 


Proor : Let f be anextreme point of F [s, g, 4,9, B]. Then, J must be an ex- 
treme point of F[s, g, «, q, z2] for some zo, zy < zo < Zi. We first show that either 
22 = Zo Or Za = 231. 


This we do by showing that if zo < Z2 << 2, then 


(ck - adk) — (cy — ad3) zk 
Se ae Sie! s 


Ky 
2 


he (z) = 
(ck — adk) — (cy — ady)ek z 


can be written as a convex combination of fe and gz. Write hk (Zz, A) = A fe (z) + 
(1 — A) gx (z). For z real and Positive we have hx (z, 0) > he > hy (z, 1). Hence, there 
exists a Ao, O < Ag < 1, for which he (2, Ao) = Ax (z). Infact, for Ao such that 


es Ao 
ku 
(ck — ade) — (cy — ad) ex Zo 1 (ck — ad) — (cy — ady) ex a 











so reese oh Las) =) 


(ck — adx) — (c1 — ady) ex z . 
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the coefficients of h (z, Ap) and he (z) a 
, gree for all z. That is he (z, Ay) = p 
out in the unit disc for (Z, Ag) = he (z) through 


Perna ce Oe Raia tae ee 
ee A ee Ta 


(ck—adk) — (cy — «d}) ex zy . z cae. 25 





4 = 





Thus, he (z) can not be an extreme point of F [s, g, «, g, B). We next show that ft 
and gk can not be expressed as the convex combination of any two elements of F (s, g, 
%q, B). Infact, for z real and positive and 0 < )Q eS I 


fi (<a Ce ar 


(ck — adk) ~ (cy — ad) ex ia 


TD) (Sap el eit 


(ck — adk) — (cy — ad) ex re 


20 < 23 S 21,29 < 74 & 21 
and 


gk (z) > a( 0S — sis — (a — 2) #* _) 


(ce — adk) — (cy — ad) ex ae 
tee = = k 
rite ea) (ck adk) (c1 ad 1) z - 
(ck — adk) — (cy — adj) ex ri 
Zo S 25 < z1 and Zo & ze < 21. 
The proof is now complete. 


Corollary—If 0 < zo < z1 <1, the closed conve hull of F[s, g, «, g, {Zo, 21}] 
is F [s, g, «, g, [Zo, zi]. 


Proor : Let fe and gx be defined as in the theorem. Adopting the method of 
proof of the theorem it can be shown that the extreme points of F[s, g, &, g, {zo, Z1}] 
are z, fe and gz, k = 2, 3,... Hence the closed convex hull of F[s, g, %, g, (20, Z1}] is 
the closed convex hull of {z, fr, gk: k > 2}. However, it follows from the theorem 
that the above closed convex hull is F [s, g, «, g, [zo, z1]]. The proof is complete. 
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In multiply connected domains D,, D» inthe z,-plane and z.-plane respecti- 
vely with Ljapunov boundaries L/ (7 = 1,2), there is considered the following 
boundary value problem : To find two functions $; (z,) and ¢2 (zo) analytic 
in Di and D, and A-continuous in D; + L/ according to the boundary 
condition 


dlsM=atgi @+b0O8G Mt ec) (A) 
where the functions a (t), b (t) and c(t) satisfy H-condition on L}, and a (ft) 
preserves the direction of the circvit on L}. 
The index of problem (A) is calculated, and conditions of its solvability are 


proved. 


Let two complex planes zi = x1 + iyi and zg = X2 + [V2 be given, and 
zg = « (zi) is the homeomorphism preserving the orientation of the zj-plane onto the 
za-plane. We take a (m + 1)—connected domain D; inthe z1-plane bounded by the 


re ; . 1 1 
Ljapunov contour L1 consisting of closed smooth non-intersecting contour Ey : L, . 


hae | Sa of which Be contains all the others. The domain D2 bounded by 


“e°9 


2 2 os ; A 
smooth closed contours L; ,L5 5.» Ly, » Em-1 00t intersecting one another, the last 
of which encloses all the others, corresponds to the domain D; under the transfor- 
mation zo = % (21). 

Assume that a derivative «’ (f) is different from zero and H-continuous. 
We consider the following boundary value problem: To find two functions 
1 (21), $2 (z2) analytic in D, and Dg and H-continuous in Dj + Li according to the 
> 
boundary condition 


bo [a (t)] = a(t) dr (1) + (1) G1) + c(t) (t € L}) iB 


where the functions a (¢), b (t), c (t) satisfy the Holder condition on L!. 


The following lemma holds. 
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Lemma—lf « (t) preserves the direction of the circuit on L1, then the functions 
$1 (21), $2 (Z2) analytic in Dy and De can be represented in the form 


t)dr —_—_—_ } 

sad=— 2 [ SOS _ (Fan +10 I ldo (a € DD ! 
Li 7} | 

] d f 

$s (zo) = = tee 4 J §G)U +1) |1de Ge € De) | 
L2 72 | 

vs J 

lp) 


where ¢ is the arc coordinate of the point t on the contour Z1;8 (+) is the inverse of 
the function « (t); the density ¢ (t) is determined to within a constant term of the 


m1 
form Ax Bx (t), where Ak are arbitrary complex constants. 
k=1 


Proor : Consider the following integral representation 
¢* dt 


! j 
$4 (23) = — — (23 € Dj) aaa) 
Li 


where the densities satisfy the condition 


$5 [a (t)] + oF (1) = 0 ...(4) 


™m™ 
and are defined to within constant terms of the form = Ax Bx (t) and — Z Ak Bk (t), 
k=] k=] 


respectively. 


By means of the Sokhotski-Plemelj formulae! and condition (4) we obtain 


$2(t) — $5 (1) = 29% (1) 5} 


#1 (1) — o) () = 24% (1) 


whence 
#2 8 l= — 97) + dole (Nl + a) (PE 2 ) ...(6) 


where the function o; (z), (7 = 1, 2) is analytic in the domain which is the comple- 
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ment of Dj + L/ in the plane and is denoted by D 4 Dio sey Diy, yy, - As. the 
functions ¢j (f) are given, then it is possible from equation (6) to find the functions 


$; (t) and from equations (5) the required densities $7 (t). The equality (6) represents 


the boundary value problem for simply connected domains Di, j Dio oat Dy m+1 ‘ 
: i 
Let the functions w = wo) (zi) map conformally the domain Ds, (Kosa 1) 25a, 


m + 1) in the z1-plane and the domain D,,, in the z2-plane into the exterior of a unit 
circle c in the w-plane. By zj = po (w) we denote the inverse of the functions 
w =wl) (zj). It is known from the theory of conformal transformation, under the 
assumed conditions, that not only the functions wi ) (z3), ad (w) but also their deriva- 


tives are continuously continuable on Li and c respectively and satisfy the H-condition. 


Introduce the new functions uF (w) = $; ve ) (w)]. It is easily seen that the 


boundary conditions (6) assume the form 


U5 la) = — 4, ©) + dela O) + uO CE oc) “d) 
where 


a = w{e 7? Of. 4 © = HY? ©) 


The function «1 (%) has on c a derivative a, (¢) different from zero, satisfying the H- 
condition, and transforms c one-to-one onto itself while preserving the direction of 
the circuit when « (ft) possesses this property on L1. 


Thus, the problems (6) by means of the conformal mapping have been reduced 
to the problems of Carleman’s type for a simply connected domain which are geen 
and the solution of each of them depends linearly on an arbitrary complex constant¢. 
The equality (6) in the domain D,j,,,,, assigns the boundary condition of an exterior 
blem of Carleman’s type and is solvable if to find a solution bounded at infinity; 


J . . . 
pe the constant Am, = A is determined uniquely by functions ¢j (zi). Having 


; os ass * 
defined ¢, (zs) in that way and substituted them in (5), we find the densities ¢; (t). 


$* [a(t] + $2 = 0 
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and also the densities ¢j (t) shall be defined to within constant terms of the form 


™ 


3 Ae Be (t), — = Ak Be (t). 
k=1 k=1 


- Putting ¢2 (t) = ¢ [B (t)], then it is obvious that $y (t) = — ¢(t), and the function 


¢ (t) is defined to within a constant term of the form 
™ 
= Ak Be (ft). 
k=1 


Thus, we have shown that for the functions ¢j (zj) there exist the integral representa- 
tions 


— } 

¢1 (21) = — _|t25 wer en et ee 

uJ t Z1 | 

Ll | 

> 

¢2 (z2) = = eels + A (ze € Dp). | 
L2 J Tat. 


We shall show how to obtain formulae (2) from formulae (8). With that end in view, 
we take any interior contour, for instance i , and choose a constant 3 so as the fol- 
lowing equality holds 
8 = J o(=)[1 + | a(t) |] ds. 
rp 


m 


Then changing the density ¢ (t) + 3 to ¢ (t) on the contour pa and leaving ¢ (t) un- 
changeable on the others, we obtain the representation (2) where the density is defined 


completely on the contour Is and on the others to within a constant term of the 
form 
m-1 


y Ak Bx (t) 
k=] 


where Az is an arbitrary complex constant. 


The lemma has been proved. 


With the aid of the integral representation (2) we reduce the boundary value 
problem (1) to the singular integral equation 


+ di) b(t) +aue m+ at Lee 


yet 


(equation continued on p. 833) 
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_ b(t)-+'2 (a) a(t) { $(x)dt 
Gs rl pepe 


Val 





+ [1 +5 (0) Je@u i |e () | ]do + a | FO) 


fs 7 
[1+] a’ (t)|]Jdo+a(t)=c(t) (t € L). (9) 


The. index of this equation over the field of real numbers is equal to 2 ind 4 (t) 
Litvinchuk and Hasabov3. The boundary condition of the problem adjoint to (1) is 
written in the form 


dy (t) = a(t) a’ (t) dela (OD) + (W126) % dele MI GE L) 
.. (10) 


Let J and I’ be the numbers of linearly independent solutions of the homogeneous 
problem (1) and the adjoint problem (10), then it can be shown that 


1—I' = 2ind b(t) — 2m + 2. Be oR Y 


For solvability of equation (9) it is neccessary and sufficient that there hold the 
condition? 


Re | (1) VO [x (t)} a! (1) dt = 0 (k = 1,2, --) ...(12) 
De ' 


where 1? O} is the complex system of linearly independent solutions of the adjoint 


problem (10). 
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NONSTATIONARY LAW OF HEAT CONDUCTION IN 
CLASSICAL THERMOELASTIC SOLID 


AMIYADEB MUKHERJEE* 
N, D. College, Howrah, West Bengal 


(Received 14 September 1987; after revision 9 May 1989) 


The present paper seeks to envisage the classical nonstationary law of heat 
conduction at finite speed in thermoelastic solid continua. The covariant 
analysis is carried along purely phenomenological lines without kinetic-theory 
arguments and based on fundamental concepts of functional-theoretic con- 
tinuum mechanics. As such, according to the nature of the problem, heat 
flux vector is considered as a linear functional of suitable well defined func- 
tions representable by Volterra-type Riemann convolution in normed Hilbert 
space which, under proper assumptions, yield the desired nonstationary !aw 
as revised version of Fourier’s differential equation for anisotropic bodies in 
acceptable forms. The isotropic case is also treated. It appears, that the 
results allow transition to the stationary counterparts. 


1. INTRODUCTION 


Fourier’s (linear) law of heat flux is known to render parabolic differential 
equation predicting infinite speed of thermal propagation in conductors®. But, for 
some reasons (vide section 2 of this text), the feature seems to be undesirable. As way 
out, notable attempts were made in classical physics, first by Cattaneo’? and next by 
Vernotte®, whence nonstationary thermodynamics came into being where hyperboli- 
city of the modified heat flux equation automatically leads to bounded speed of pro- 
pagation. Later, the problem has been pursued by other authors with diverse motiva- 
tions, accounts of which may be had in literatures on the topic (e.g. vide Bressan1), 


The present studies is also an attempt in this direction, but with different aims 
and objectives. It seeks a solution to the classical nonstationary problem of modifying 
Fourier’s constitutive law so as to account for heat conduction at finite speed in 
anisotropic thermoelastic solid continua, which has been hardly paid due attentions 
erstwhile. The analysis runs along purely phenomenological lines within the frame- 


work of axiomatic covariant continuum mechanics and functional theory. The 
rationale of the paper is as follows. 


The heat flux vector is taken as a linear regular functional of well defined appro- 
priate functions which, at some given point, is also a continuous function of time 
representable by Volterra-type Riemann convolution of tensor and vector-valued 


* 69/A, Harish Mukherjee Road, Calcutta 700925, 


THERMOELASTIC SOLID 835 


bounded functions in normed Hilbert space. Finally, simple considerations of integro- 
differential equations, expansions under suitable assumptions and approximations 
reduce the integral into a covariant differential equation that appears to be the desired 
modification of classical Fourier’s law for anisotropic solid continuum. Alternative 
versions of the equation are obtained and some important scalars, tensors and opera- 
tors related to relaxation and nonstationary processes, are defined. The isotropic case 


is also discussed. The results appear to be agreeable and allow transition to the 
stationary counterparts. 


2. SOLUTION TO NONSTATIONARY PROBLEM OF HEAT CONDUCTION IN CLASSICAL THER- 
MOELASTIC SOLID : MopiFigp Fourigr’s LAW WITHOUT PARADOX OF INFINITE SPEED 


First, let us consider an elastic solid continuum M in Euclidean space E(3) equip- 
ped with arbitrary space coordinates x. and metric gas (functions of x.), where 
(1, 2, 3) is the range of the Greek indices. Next, suppose that owing to some thermal 
process, M undergoes a deformation described by the strain tensor e.g and absolute 


temperature T, relative to a reference state R(3) at initial temperature 7 (constant) and 
time t = 0, where e.g, T are functions of xz, f. 


Then, Fourier’s (linear) law of heat conduction stands as*° : 
«RB * 
gui — 4K, Tp witlat) 


* 
q* being the heat flux vector, k*® (positive definite) the conductivity tensor and T2=7jp 


the temperature gradient which, since Poe = 0, may also be described by the 
equation 
~ ns « % y % : 


where od is the (mixed) Kronecker delta and the vertical stroke ( | ) denotes covariant 


derivative in E(3). Herein, we observe that e.6, 88, k*® and all other tensors to 
appear, are assumed to be symmetric in their covariant (or contravariant) indices and 


dummy suffix means summation. 


Now, as it is well known, the relation (1.1) leads to parabolic differential equa- 
tion which predicts infinite speed of heat conduction4. Incidentally, transmission of 
elastic waves (e.g. in incompressible fluid) and strains also offer similar examples. The 
results seem to be sufficient provided of course we treat systems, which are mechani- 
cally constrained, as first approximative ones. But, from standpoint of a more rigorous 
nature, propagation without bound is an undesirable feature in every such process 
which takes place in a material continuum. As such, ve peeps: to revise equation 
(1.1) so that propagation of thermal disturbances in M is at finite speed. 


836 AMIYADEB MUKHERJEE 


To this end, it seems proper to compare (1.1) with the Hooke’s law for stress- 
strain of similar type in elasticity theory and to note that the later also indicates 
instantaneous strain’, which can be avoided through functional approach based on 
hereditary principles where relaxation phenomenon suppresses the infinite speed of 
propagation® 9, 


Likewise, as the above example suggests and also as it is justifiable from the 
axioms of determinism and memory in modern continuum mechanics, let us accept 
heat conduction as a hereditary—type event with fading memory so that the process 
is without the paradox of infinite speed®. 


With this point in view towards modifying a linear law, we propose to define q* 
(response) as a Vector-valued first degree bounded functional of Q. (action) which is a 
a vector assumed to be regular at the time-origin and some suitable function of x,, T, 


1), €,s such that heat flux g* is also a continuous differentiable function of time over 
permissible domain. Now, collection of all histories of a physical process of fading 
memory is a Hilbert space where bounded linear functionals have defined norms and 
inner products. Hence, given xp, it is further assumed that g* is a linear function in 
the Hilbert space of tensor- and vector-valued time-functions e.g. C (7), » (t) on [0, e°) 


ioe) 
having finite norms ||F||2 = i | F(t) |? f(t) dt, (F = &, 1), and the inner product as 


required4,10 ; 
<o, n> = <0 (0), yn (0)> + i < €(t), (t)> f(t) dt peti) 


with, obliviator (non-negative) 
f(t) > 0, as t > 9, cored 


Then, as per representation of linear forms in Hilbert space consistent with the 
problem, we can, by proper choice of functions, write g* as a Volterra-type Riemann 
convolution at time ¢ and at point x, of M in Ev) : 


t * 
q* (t) = : de® (t, t') Op (t') dt’; t' E [0, t], t E [0, 09) we1:3) 
with, 


dP (1, 1/) = foB e-(t-yikr, Jab (y, pr) = OME (t,t) 
or 
B 
= Oe tye 


k’ Bee 3) is 


q° (0’) = Qn (1, ' <0; also g* = Q, =0, whenTs=0 _ ..(1,3") 
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where, the tensors d*® and f*® (time-independent) are each assumed to be positive defi- 
nite, and k’ is a positive scalar (parameter) of the order of time such that for large t 
and fixed f’, the expression exp (—//k’) characterizes rapid decay of d** (t, t’) which is 
also small when t >} k’. Thereby, d** plays the role of relaxation tensor and k’ 
the relaxation time which checks infinite speed of propagation. 


The equation (1.3) with (1.3’) - (1.3") then defines, in integral from, a modified 


version of the classical Fourier’s law (1.1) for heat conduction at finite speed in the 
continuum ™. 


Next, we observe that though the kernel d*® (t, t’) is not a polynomial in f, it is 


degenerate and such that, by (1.3’), d=8 (t,t) = f**/k (a nonzero time-independent 
quantity) has a 0-fold root for t = 0. Hence, in order that a solution of (1.3) may 
exist and be finite at the origin, we should necessarily have an 1-fold root for g® (1) 
at ¢ = 0. Then, Qs must satisfy the following first order differential equation obtained 
by differentiating (1.3) once with respect to ft and eliminating the integral : 








qe + k’ q® = f** Op (1.4) 
with 

q* = Dg* (t); D= — = Vy — + ae (= <, for small motions ), 

peek (1.4) 

- dt 


where q? may be taken as a vector in (3); since Qgp is regular at origin and 
g* (0) = Qu (0) = 9, the differential equation (1.4) yields a solution which is also an 
unique solution of the integral equation (1.1)7%. 


As for the arbitrary function Qs, we note that linear expansion yields, 


Os = Os — Ap T, + wp” ens B41} 5) 


; | s ane 
where Qa, h®4 (positive definite), and we depends on J, x» only. But, since q 


“ oe ieee o 
= 0p =0 when T, = 0, we must have Os = 0 and o, = 0 irrespective of es,; for, 


otherwise the tensorial equation (1.5) would become inconsistent having a scalar zero 
(a tensor of order zero) and a nonzero vector (a tensor of order one) on either sides 


of it. Hence, 


* Ps 
Os = — hg Ta ake 
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so that | 
£2 Opes A Te wall SD 
with 
kod = — fob ho ait le5®) 


where the form shown by (1.5”) must be quadratic due to the minus sign before k*® 


* . 
(positive definite) and on account of — g* 7, > O in keeping with the fact that heat 
flows from higher to lower temperature zones in M6. 


Taking (1.4) and (1.5’), we finally arrive at the result 


. * 
q™ + k'g™ = — k*® Tz pax€1s0) 


where k*® js identified as the thermal conductivity tensor, for (1.6) reduces to (1.1) 
when k’ = 0. 


The equation (1.6) is then a covariant version of (1.3), which constitutes a 
possible modification of the equation (1.1) for heat propagation in M without the 
paradox of infinite speed. Note that the other equation in gx would be 


; B * 
Ju +k’ qu = — k, Tp. <a 08) 


If inner product with the metric tensors be performed, we can also write the 
respective differential equations (1.6) and (1.6a) in operational notations as follows : 


Dg g® = D6 qa = — k*8 Tp see 137) 

and 
B B * 

Das g® = D, qa = — k, Tp : tae) 
with 

Dab Bun ct gab BOD; Dein ge Si geB apr eae ee 

AME Hy 

where D 


«8 may be called the classical covariant relaxation operator. 


In particular, for an isotropic model, we may set k*® — & §oB 


where the positive 
scalar k is the thermal conductivity. Then (1.7)—(1.7a) respectively 


reduce to 


Da q® = D*® gp = — k 528 Ty (1.8) 
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and 


B B * 
D, qa = Dis qg® = — k 8, Tp ...(1.8a) 


which agree in essence with the result obtained by Cattaneo? and Vernotte® from 
different approaches, assumed that D ~ 6/@t for small motions. 


3. CONCLUSION 


Looking back, we find that it is possible to obtain the classical nonstationary 
law of heat conduction in thermoelastic solid continua on phenomenological lines, by 
proper choice of assumptions, mathematical techniques, and right type of independent 
arguments for dependent variables consistent with the basic principles of functional 
theory and tensorial continuum mechanics. Accordingly, heat flux vector is considered 
as a bounded linear functional of space coordinates, absolute temperature, tempera- 
ture gradient and strain tensor, being itself a differentiable function of time represent- 
able by Volterra-type Riemann convolution integral in Hilbert space, which finally 
yields modified classical covariant version of Fourier’s differential equation for thermal 
propagation without infinite speed. The isotropic case is also treated where the results 
are found to agree in essence with those obtained by others (e.g. vide®’5’8). In parti- 
cular, the stationary case also appears to be recoverable. 
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ELLIPSOIDAL INCLUSIONS IN AN ELASTIC MEDIUM 
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The problem of classical elasticity where a homogeneous linear ellipsoidal 
solid is embedded in an unbounded, homogeneous, isotropic, elastic medium 
is discussed. Exact solutions for the disturbance displacement field due to 
translational and rotational modes of the solid are obtained by distributing 
some types of concentrated singularities over the focal ellipse, These solu- 
tions extend earlier solutions for rigid spheroids. 


1. INTRODUCTION 


Many boundary value problems in different branches of mathematical physics are 
resolved by the distribution of singularities on, along or over some part of the body 
being investigated. This method, known as the singularity method, has proved to be 
effective in wide range of configurations in many fields such as low-Reynolds number 
hydrodynamics!”, potential theory, and scattering theory‘. In elastostatics, Kanwal 
and Sharma? first use this method to investigate the displacement problems involving 
rigid spheroid translating or rotating about, one of its axis. The problem of translat- 
ing thin oblate bodies has been solved by one of the authors®. 


Our aims in this paper is to extend this method to solve some displacement boun- 
dary value problems involving rigid ellipsoidal bodies. In section 2 we present the 
singularities needed in this analysis and in the rest of the paper we obtain the exact 
solutions for two modes of displacing an embedded rigid triaxial ellipsoid, first, when 
the ellipsoid is given a linear displacement and secondly when it rotates about any 
given axis. In these problems the displacement field is consturcted as superposition of 
suitable singularities distributed over the focal ellipse. Applying the boundary condi- 


tion on the surface we obtain integral equations for the density of these distributions 
which are solved exactly, 


Physical quantities such as the force and the torque are obtained. Other quanti- 
ties such as the stress and strain tensors can be derived direct] 
with the displacement field’. 
nerate ellipsoids. 


y using their relations 
The results for spheroid and disk are obtained as dege- 


2. SINGULAR SOLUTIONS 
Consider a solid with surface S embedded in an unbounded, homogenuous, 
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linearly elastic and isotropic medium, then the displacement field @ satisfies the equil- 
librium equation 


1 ae 
“(sav (v.a) + ¥2 “| + f=0 (2.1) 


where » is the shear modulus, v the Poisson’s ratio of the material and fthe body force 
per unit volume. 


The primary fundamental solution (singularity) of (2.1) corresponding to acon- 
centrated force 


f= 16m (1 — v)S(x)a Ral a 


where 54 (x) is the Dirac delta function, and & represents the direction and the magni- 
tude of the force, is called the Kelvin solution and it is given by’ 


(3 -— 4v)a (a. ¥)% 


UF (x; a) = - a San a Spe Aaa) 


Another important singularity is called the doublet which is formed by two centres of 
dilatation’? and it is given by 


-, 1 

U* (%; a) = V(@ VY) mee ...(2.4) 
Because of linearity of (2.1) any derivative of (2.3) and (2.4) is also a singular solution. 
The first derivative of (2.3) in the direction of 8 is called the Kelvin doublet 

Ukd (%; @, B) = — (8. Vy) U* (%; @). COs) 
The stresslet is the symmetric part of (2.5), that is, 

Us (x; &, B) = $ [O*4 (% a, B) + OF4 (x; 8, @)]. (2.6) 
The antisymmetric part is called centre of rotation and it is given by 


x 8). 2,7) 


RI 


a 4 oo bes 
Paya ye = 
The first derivative of (2.4) in the direction of 8 is known as quadrupole. 


8 B.y) U4 (x; & 2 
a4 (x; a, 8) = — (B.v) U4 (%; &). (2.8) 
For a control volume V enclose each of these singularities, the stresslet and quadrupole 


tribute neither a force nor a torque, while the centre of rotation exerted a torque 
con 


- (2.9) 
M =—8 mY. 
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3. STATEMENT OF THE PROBLEM 


Let S be the surface of the triaxial rigid ellipsoid 





Ss - = 1,41 >a, > 03 > 0 shoe) 


then the displacement field satisfies the homogenuous equations 
| 
onan tS i ae 
Ss orn (Vv. + y2a=0 OF | 


with the boundary conditions 

i= UonS ...(3.3) 
and 

i + 0,as |X | > co ...(3.4) 
where U is known and represents the mode of displacement. 


We construct the solution of the above boundary value problem by distributing 
some of the singular solutions of section 2 over the interior of the focal ellipse E(}) 
which is defined as the degenerate elliptical disk in the family of ellipsoids confocal to 
S. Its equation is 


yi ye | 
rs + eo ], ys = 0, -=s(3;9) 
where the major and minor semi axes of « are defined by 
2 2 neers 33 
h, = a; — a3, {=}, 2. eet 3.0) 


The role of E in potential theory of ellipsoids has been investigated by Miloh8, 


The choice of the appropriate singularities depends on the form of U, that is on 
the mode of displacement involved. In low-Reynolds number flow problems ara 
guidance rules are proposed!"2 and those are found to be useful for many ptoblems in 
other fields including elastostatios5’6, 


We shall now consider two types of modes of displacement, translation and 
rotation of ellipsoid. 


4. TRANSLATION OF ELLIPsoIp 
Let the ellipsoid S be given a linear displacement 


U (¥) = V, (V is constant) (4.1) 
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then we construct the solution of (3.2) by distributions of Kelvins solutions and dou- 
A 


blets over E directed along the cartesian axes, e, that is, 


3 A A 
a(x) = qe SJ [4t g-1 UF (% — 9; &:) + Beg U4 (% —9; es)] dA ...(4.2) 


ry 


where 


¥ = (%1, X2, X3), Y = (1, 2, 0), dA = dy dye ...(4.3) 


and 


eho 
tote] wor 


—— [1 " 7 a i ...(4.4) 


The constants dt and Bi represents the strength of the singularities and are to be 
determined. The function g plays a prominent role in the potential theory of ellipsoid 
particle’. 


eo 


The integrations over E can be carried out by making use of the following ‘inte- 
gral identities. 














m+1 2 n-1 ; 
Na eee rar ON ere ee ra ee 
E 5 cs 
aA|m e532 ...(4.5) 
3 xy 
oe) 
\| i dA (—1)” (2n)! a hihe {{> Spe ; iy dt 
irre TP eer PT Poe Dit 
age 228 (n!) JUS gt 4, (1) 
...(4.6) 
where 
3 
D(t)= Tl (a + 2)? (4) 
i=1 
and J is the positive root of the equation 
3 x? 
SF See ary A (4.8) 
2 
gaa, G, UA 


The proof of (4.5) is direct through integeration by parts and formula (4.6) has 
been established by Kim?. We note that on the surface of the ellipsoid A = 0. 
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After some calculations the representation (4.2) can be written in the integerated 


form, 
3 
t= whihs > C4 {G- 4) 1A) + (@ - a5) hQ)} 
‘1 
~ Bh A) ee — [Ayla — @ — a ) yh) 
— Bi vit (A)] xt) ...(4.9) 
where 
(dt t dt 10) 
1s | oh a (4. 
i Jo | errr 


these integrals satisfy the relations 


3 
é : (411 
ees rah 
{=] 
3 
DS a® (A) = J (A). (4.12) 
i=1 


The solution @ (%) satisfies the condition at infinity (3.4) since each singularity 
does. Applying the surface condition (3.3) we obtain 


3 
V= hy ha > ([At {(3 — 4v) 1 + (a? —a,) hh} — B Ik] ee 





i=] 
— [(ag At + Bt) xt Vv ZX). ; .-.(4.13) 
where 
{= 1(0)and hk = k (0). - (4.14) 
Equation (4.13) is satisfied if 
= 2 ee Pe Mere = as esl 
Afimnt = Bt = i {((3 — 4v) 1+ af h}-1, ... (4.15) 


The net force experienced by the ellipsoid is obtained by adding the contributions 
of the forces (2.2) over the focal ellipse, hence, 


3 A 
F = 16 ma (1 — v) x U5 At q-1dA) e ...(4.16) 
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3 
F = 32 a (1 — v) Ss (3 — 4) T+ a? WK es. (4.17) 


i=1 


This complete the solution. 


5. ROTATION OF ELLIPOSID 


Suppose that the elipsoid S rotates with angular velocity Q then the boundary 
condition on the surface is 


a(#)=T0 =Qxxz,zxES. (5.1) 


In this case we write the displacement field as 


3 A 
u(x)= & JI Cia O' (X — 3, et) dA 
t=1 


m eae 
5 Jf [q Sts UP (F — J; et, e4) 
1 


j= 
Re 
= A A 
+ q® Ors Utd (% — J; et, e7)) dA mt5°2) 


where Ct, Siz and Qij are constants to be determined. Due to symmetry we have 
Siy = Su, O17 =Qit. tae) 


Performing the integrations in (5.2) using the identities (4.5) and (4.6) we obtain 





3 A 
ffqarag- y; i) dA = —a hy he * x 2 xk Ik (A) ek ...(5.4) 
E 
me f A hy he I A 
\\4 Ose -— ype, et) dA = — eS? [ (8-4) A — he A)} wer 


A 
+ {(3 — 4v) (A) — Is (A)} xt es — Mt XI {vit (A) + Vis (AD} 
~ A 
+ sy h® [{xg Ing (A) Ste + x0 Tet Six} Cx 
k=1 


A 
+ {Tkj (A) Stk “ 4 Tne Sye es + xy Ste ks (A) + x0 85m Vleet (A)} 
x Xk] og eee) 


and 
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fast A 
ff q3 Ut (% — y; et, ej) dA 
E 


= — 3m hy he [(xt es + xj et) It (A) + xt x9 Vy (A)] ...(5.6) 
where 


co 


ij (A) 





dt 
(a; +") (af +1) D(t) eS 7) 
which satisfy the identity 

(a’ ~ a’ \ig=h—h, -«.(5.8) 


Applying the boundary condition (5.1) and evaluating (5.2) on the surface, we obtain 
after a straight forward calculations 





Ci = 01 Jo3 Ko3, Co = Qe Jig Kis, C3 = Q3 Jie Kye ...45.9) 
Siz = (—3/as) O12 = 3 Hye Kio .-.(5.10) 
S13 = (—3/a3) O1s = Qe Ay3 K43 (5.11) 
Se3 = (— 3/ai) Qog = O23 = 21 Hog Keg 2.{5212) 
where 
Jij=2((l—v)ai +va? Jr—2(1~y) ar + vas } Ij (5.13) 
l 2 2 ,2 “ 
Ki = hs {a; hk - a, I, — (3 — 4y) (a? — a; ) Te Ty}71 
(5.14) 
and 
2 
His = 2(a, — a) ) (ke — Ii), -»+(5.15) 


The torque exerted on the ellipsoid is obtained by adding the contributions of 
the centers of rotation and using formula (2.9), thus 


M Srp S (SC ; 
= — Pied (IJ tqdA) e --.(5.16) 





3 
a 16 A 
M = — 3 m2 nw hyhe } Ci e. o«-(5.17) 
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In the limit v > 1/2 and 2yv/(1 — 2v) y. i > — P, the elastostatic equation (3.2) 
reduces to Stokes equations of fluid mechanics, where @ denotes the velocity field and P 


denotes the pressure. In this case! formulas (4.17) and (5.17) reduces to the drag and 
torque formulas given in Jeffery9. 


6. DEGENERATE ELLIPSOIDS 
(a) Spheroid 


When az = az the ellipsoid (3.1) degenerates into the prolate spheroid 
xt a ee, ee 
a? 2 | Br bs ...(6.1) 


In this case all the ellipsoid integrals in the previous analysis are elementary and are 
given by 





I = L/(eay) ...(6.2) 
1 
1 
= I3 = —~.—, — (—2ef(1 — e?2) + L ...(6.4) 
Ip = In = ~y5 ga (—2ef(1 — 2) + L) ( 
where L = In ( 2 : ) , and e is the eccentricity of the spheroid defined by 
e2 = 1 — a3/aij. 5.6.5) 


Substituting these into (4.17) and (5.17) we obtain the force and the torque exerted by 
the prolate spheroid. Their components are 


Fy = e& ay Vy [2e + (3e? — 4ve2 — 1) L]-} ... (6.6) 
Fo _ Fs © 263 ay [— 2e2 — (1 — Te? + 8ve2) LY} CD) 
Ve V3 
M = — (32/3) 7 » Q1e8 ay [(2e/1 — e) — ty} ...(6.8) 
and 
Oe Eat 64 oy 8 a8 [2e (3 — (4—v)e+2 (1 — v) e# 
te ~— Qs 4 
— (1 — e4) (3 — 26 + ve2) L] A .+-(6.9) 


shere A = 4% {3 + 2e2 — Sved} — 4e (3 + G — 8v) 2 — GO — 4yv) e4} L 
4 (1 — e2) 3 + (7 — 8v) e%} L’, 


oblate spheroid can be obtained by replacing e by 


i Its for 
hg baat eke es with the one obtained by Kanwal and Sharma® for 


ie (1— e?)1’2. Formula (6.8) agre 
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the torque exerted by a prolate spheroid rotating about its major axis and (6.9) coin- 
cide with that for rotation about the minor axis. 
(b) Disks 


When az - 0, the ellipsoid degenerates into an elliptic disk whose axis lies along 
the x3-axis. The elliptic integrals in this limit become 


Pas (6.10) 
al 

eect toed (6.11) 

: aé k2 

Pa Ae Tere ...(6.12) 
a® k2 k2 


where K and E are the complete elliptic integrals of the first and second kind, respecti- 
vely, with argument 


k2 = 1 — a3ja? ...(6.13) 


and k’2 is defined by the relation 


k2 4/2 =]. --.(6.14) 
The components of the force experienced by the translating elliptic disk are 

Fi = —l6r7 a, k2 (1 — vy YW [1 + B- 4y) k2} K — E71 nO so) 

Fo= l6ra kl —w hell —4 — v) k2} K — Eyl .-.(6.16) 
and 

F3 = 16 7 a1 » (1 — v) V3 (3 — 4y) K}-1 ...(6.17) 
and the components of the torque exerted by a rotating elliptic disk are 

My = — (32/3)mp (1 — v)Q1 {(3 — 4y) Jp} (6.18) 

Mz = — (32/3) mu (1 — v) Qs {(3 — 4v) 4}-1 ---(6.19) 
and 

Ma = — 3 ww Qal((l ~ val + vat) — (1 —») of + val) Ig 

+ [at I? — a} — 3 — 4v) (af — a3) By. .--(6.20) 


The limiting case of circular disk (a, > ae) yields 


TOs. Fs a pias 64 a; » (1 — vy) 32a, » (1 — v) 


Vis eee ft wacka »F3= TREES + ..(6.21) 
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Mi M2 64a2 w (1 — v) 32a? 
Q) Qo 3 (3 — 4yv) Bact i Dic a, . .-- (6.22) 


Formulas (6.21) and (6.22) agree with results in Lur’e!9. 


7. CONCLUSION 


In this paper we extend the method of singularities to solve two problems of 
clastostatics involving translational and rotational ellipsoidal bodies and their degene- 
rate cases. Compared with the usual separation of variables method we note that the 
singularity solutions are far more simple in from since it does not depend on the choice 
o f the appropriate coordinate system and therefore instead of using ellipsoida] harmo- 
nics expansions to represent the solution, it is now represented in terms of simple 
elliptic integrals. The only difficulty in using the singularity method is the choice of 
the proper singularities for each mode of displacement. It is hoped that by this method 
more boundary value problems in elasticity are to be solved, specifically the stress type 
problems. Extension of the singularity method for elastodynamic problems of ellipsoid 
are under investigation. 


REFERENCES 
1. A. T. Chwang and T. Y. Wu, J. Fluid Mech. 67 (1975), 787-815. 
2. S. Kim and P. V. Arunachalam, J. Fluid Mech. 178 (1987), 535-47. 
3. A.D. Alawneh and R. P. Kanwal, SIAM Rey. 19 (1977), 437-71. 
4. N.T. Shawagfeh and A. D. Alawneh, Submitted. 
5. R.P. Kanwal and D. L. Sharma, J. Elasticity 6 (1976), 405-16, 
6. N.T. Shawagfeh, Bull. Fac. Sc. Alex. (To appear). 
7. A.E.H. Love, A Treatise on the Mathematical Theory of Elasticity, Dover Publications, 
New York, 1944. 
8. T. Miloh, SIAM J. appl. Math. 26 (1974), 334-44, 


9. G.B. Jeffery, Proc. R. Soc. A102 (1922), 161-76. i 
10. A. I. Lur’e, Three Dimensional Problems of the Theory of Elasttcity, Interscience Publisher, 


New York, 1964. 


¢ ‘ et, ; 
of vy . 
& 
* 
, a | > ia * 
“A ms cn ' : 
’ Fal 7 ry 
Sen Sia) |“ 
‘ « 





: 73 “* ee | 


¥ p ae : 
d : “Ase * 


de a 

“ie, ie mf as ‘es 
i s nn aa A aban ne * 
f 1d eee 


« i the yy ad paul big 7 
— 


- G&S aoa 


a5 aol Bs 


a 


a 


> a m= a es 


SUGGESTIONS TO CONTRIBUTORS 


The INDIAN JOURNAL OF Purg AND APPLI i 
. BD MATHEMATICS is devoted primarily to original 
research in pure and applied mathematics. ; aii 


- 


Manuscripts should be typewritten, double-spaced with sufficient margins (including 
abstracts, references, etc.) on one side of durable white paper. The initial page should contain the 
titel followed by author’s nane and full mailing address. The text should include only as much as 


is needed to provide a background for the particular material covered. Manuscripts should be 
submitted in triplicate. 


The author should provide a short abstract, in triplicate, not exceeding 250 words, summarizing 
the highlights of the principal findings covered in the paper and the scope of research. 


: References should be cited in the text by the arabic numbers in superior. List of references 
should be arranged in the arabic numbers, author’s name, abbreviation of Journal, Volume number 
_(Year) page number, as in the sample citation given below : 
For Periodicals 
1. R. H. Fox, Fund. Math. 34 (1947) 278. 
_ For Books 


2. H. Rund, The Differential Geometr, of Finsler Spaces, Springer-Verlag, Berlin, (1973) 
Dy 2eact 


Abbreviations for the titles of the periodicals should, in general, conform to the World List of 
Scientific Periodicals. 


All mathematical expressions should be written clearly including the distinction between capital 
and small letters. Clear distinction between upper and lower cases of c.p,k,z,s, should be made 
while writing the expression in hand. Also distinguish between the letters such as ‘Oh’ and 

‘zero’; el) and 1 (one); v, V and v (Greek nu); r and y (Greek gamma); x, X and X (Greek chi); 
-k, K and « (Greek kappa); Greek letter lambda (A) and symbol for vector product ( A); Greek 
letter epsilon (¢) and symbol for ‘is an element of? (€). The equation numbers are to be placed | 
at the right-hand side of the page. The name of the Greek letter or symbol should be written in 
the margin the first time itis used. Superscripts and subscripts should be simple and should be 
placed accurately. 


Line drawings should be made with India ink on white drawing paper or tracing paper. 
Letterings should be clear and largs. Photographic prints should be glossy with strong contrast. 
All illustrations must be numbered consecutively in the order in which they are mentioned in the 
text and should be referred to as Fig. or Figs. Legends to figures should be typed ona separate 
sheet and attached at the end of the manuscript. : 

Tables should be typed separately from the text and placed at the end of the manuscript. Table 
headings should be short but clearly descriptive. 

Proofs should be corrected immediately on. receipt and returned to the Editor. If a large 
number of corrections are made in the proof, the author should pay towards composition charges, 
In case, the author desires to withdraw his paper, he should pay towards the composition charges, 
if the same is already done. 7 

For each paper, the authors will receive 50 reprints free of cost. Order for extra reprints 
should be sent with corrected page proofs. 


Maauscripts, in triplicate, should be submitted alongwith the declaration : “The manuscripts 
entitled «-.-- <-++-++ DY- «severe seen are submitted for publication only in the Indian Journal of 
Pure & Applied Mathematics and not elsewhere”’ to the Editor of Publications, indian Journal of 
Pure and Applied Mathematics, Indian National Science Academy, Bahadur Shah Zafar Marg, 


New Delhi 110002 (India). 


RN _ 19797/70 Regd. No. D-(C)-774 
INDIAN JOURNAL OF PURE AND APPLIED MATHEMATICS 


No. 8 August 1989 . . Volume 20 
CONTENTS . 
| Page 
Coset diagrams for an action of the extended modular group on the pro- 
jective line over a finite field by QalsER MUSHTAQ ie ie 747 
The extended modular group acting on the projective line over a Galois field 
by Q. MusHTAQ re a " ses 755, 
On the existence for a class of optimal control problems by Garat 
CHAKRABORTY ne an age a re 761 
Bounds for the zeros of polynomial by M. BipkHAM and K. K. Dewan. 768 


Selection procedures for hazard rates based on two-sample statistics by 
AMAR NATH GILL and Gosinp P. MeHTa 3 Ug A 773 


On digraph reconstruction by S. RAMACHANDRAN a oF jes ae 782 


Variants of Hopficity in modules by B. M. Panpeya, S. A. PARAMHANS . 
and S. P. KoiraLa a i, on ees 908 786 


On Ay-recurrent Finsler connection by B. N. Prasap and Lary 
SRIVASTAVA BAS ss ey Mae “i Sy 790 


Hypersurfaces with (/f, g, u, v, A)-structure of an affinely cosympletic mani- 


fold by DHRUWA NARAIN ote Sel e+ As 799 
O-distributive posets by Y. S..PAwar and V. B. DHAMKR ais as 804 
Functional limits by G. Das and S. NANDA ast ar BE 812 


Extreme points of some families of analytic functions related to 
univalent functions by A. K. Misura and P. Sanu oa Sts 820 


A generalized Carleman boundary value problem for multiply connected 
domains by M. G. Ex Sueixy th a she see 829 


Nonstationary law of heat conduction in classical thermoelastic solid 
by AMtyADEB MUKHERJEE “a an me Pie: 834 


Ellipsoidal inclusions in an elastic medium by A.D. ALAWNeH and 
N_ T. SHAWAGFEH ¥2 ne Be ea 7 840 


Published and Printed by Dr O. N. Kaul, Executive Secretary, Indian National Science Academy 
Bahadur Shah Zafar Marg, New Delhi 110002, at Leipzig Press, D-52, N.D.S.E. Part I 
New Dethi 110049, Ph. 622490 


